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ABSTRACT 
Passive control of energy flow by means of trapping, redirection and scattering has been the 
subject of considerable attention in recent years. The use of ordered granular media is a 
promising candidate for such designs. Ordered granular media are ordered aggregates, where 
neighboring particles (or granules) interact elastically in a highly nonlinear fashion. These highly 
discontinuous media have strongly nonlinear behavior owing to Hertzian interactions between 
granules in compression, and separations – collisions of the same granules in the absence of 
compression. Depending on the ratio of static to dynamic interparticle deformations and 
displacements, the nonlinear dynamics of ordered granular media is highly adaptive, ranging 
from being essentially nonlinear (even non-linearizable) and non-smooth (in the absence of static 
pre-compression), to being weekly nonlinear and smooth or even linear (with high static pre-
compression). Moreover, such interplay between strongly nonlinear and weakly nonlinear 
dynamics may occur in different phases of the same dynamic response of a granular medium 
subject to a given external excitation. 
In this dissertation, we aim to analyze the strongly nonlinear dynamics of coupled 
ordered granular media and investigate interesting response regimes such as, passive wave 
redirection / redistribution and targeted energy transfer (TET). These studies are performed using 
numerical computations, analytical calculations, and experimental tests. In particular, we 
consider weakly coupled granular chains with or without on-site potentials, as well as two-
dimensional granular networks with regularly placed intruders that act as effective coupling 
elements. Unlike previous studies of weakly coupled oscillatory chains, the dynamical systems 
considered herein incorporate both non-smooth effects due to possible separations between 
interacting neighboring beads (granules), as well as strongly nonlinear inter-particle Hertzian 
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interactions. We show that these systems exhibit very rich and complex dynamics that, however, 
can be completely captured by our analytical approximations. 
For the case of weakly interacting granular networks, three independent mechanisms of 
efficient transport of energy from one chain to another are found. The first mechanism is a 
simple exchange of energy between the weakly interacting granular chains providing equi-
partition of Nesterenko solitary waves through the chains. The second mechanism is a complete 
and recurrent exchange of energy (beating phenomenon) between the propagating breathers 
through the weakly coupled granular chains laying on a strong elastic foundation. The last 
mechanism is the most intriguing one and demonstrates targeted (irreversible) energy transfer 
between coupled granular chains due to appropriate stratification of their elastic foundations, in a 
macroscopic analogue of the well-known Landau-Zener Quantum effect in space. The 
aforementioned mechanisms of energy transfer and redirection in highly nonlinear granular 
chains are conceptually new and were presented for the first time. Analytical and computational 
studies of these nonlinear energy transfer mechanisms are addressed in the present work, and 
their potential for future predictive designs of highly discontinuous and adaptive granular 
acoustic metamaterials for shock wave redirection and control are discussed. 
Then we focus on another class of granular acoustic metamaterials, namely, one-
dimensional single or coupled granular chains embedded in elastic matrix, and present 
experimental and theoretical studies on pulse transmission and non-linear energy exchange in 
these systems. Three different matrices are considered in the experiments: Poly-di-methyl-
siloxane (PDMS), polyurethane and geopolymer. Specifically, we examine two rows of granular 
chains embedded in elastic matrix and show that when an impulse is applied to one of the chains, 
the resulting pulse gets partially transferred to a neighboring chain and energy gets distributed 
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among the entire embedded granular network. Based on our experimental measurements we 
validate a theoretical model and then use it for predictive design. Then, we experimentally study 
and verify the existence of acoustic pass- and stop-bands in harmonically excited embedded 
granular chains, and prove the existence of traveling breathers in these systems. We report a very 
rich structure of nonlinear acoustic phenomena in these highly discontinuous and strongly 
nonlinear granular metamaterials, and prove conclusively that traveling breathers are realized 
robustly in granular chains embedded in three widely different types of matrices, over wide 
frequency and energy ranges. In addition to experimentally confirming prior theoretical 
predictions regarding the existence of breathers in these media, we provide a new avenue for 
exploring the highly complex dynamics and acoustics of granular metamaterials for a variety of 
practical applications. 
Finally, we study the propagatory and oscillatory dynamics of two-dimensional coupled 
granular networks with discontinuous lateral boundary conditions. We numerically show that 
depending on the strength of coupling between chains, different dynamical response regimes can 
be realized, namely, propagating breathers leading to pulse equi-partition in both chains, or 
strong scattering of propagating pulses leading to spatial energy localization in the network. 
These regimes are caused by the strong on-site potentials of the two chains provided by the 
lateral discontinuous boundary conditions. Hence, we provide a new paradigm of designing the 
nonlinear dynamics of ordered granular metamaterials by appropriate forming of their 
boundaries. 
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CHAPTER 1 
INTRODUCTION 
Shock mitigation devices are commonly used in engineering practice. Examples are linear and 
nonlinear shock absorbers and bumpers. The concept of passively confining externally applied 
shock energy to pre-determined nonlinear attachments, where this energy is locally confined and 
passively dissipated, has also been explored [1,2]1. An alternative passive shock mitigation 
design recently considered is based on ordered granular media [3], composed of periodic sets of 
elastic spherical beads (granules) in contact.  
The dynamics of ordered granular media has been the subject of considerable attention 
among engineers and scientists. One of the prime reasons lies in their highly tunable dynamical 
properties. These strongly nonlinear media exhibit interesting dynamics due to their strongly 
nonlinear (discontinuous) behavior and highly tailorable properties [4–13], highlighted by their 
capacity to change their dynamics from strongly to weakly nonlinear (or even nearly linear) with 
increasing applied pre-compression. The application of pre-compression in an ordered granular 
chain introduces a linear component in the force interaction law and, hence, a linear component 
in the dynamics and acoustics of the system. In that case the system can no longer be considered 
as being essentially nonlinear, and this affects the speed of pulses that propagate in that 
discontinuous medium. In the limit of strong pre-compression the dynamics is expected to 
become nearly linear, since no bead separation is possible and the nonlinear effects act as 
perturbations of the linear dynamics; even in that case, however, for sufficiently high-amplitude 
applied pulses, the granular system can still exhibit strong nonlinear effects [7]. For no applied 
pre-compression, the strongly nonlinear Hertzian interactions between beads lead to complete 
                                                 
1 Bracketed numbers refer to the list of references at the end of each Chapter. 
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elimination of linear acoustics in these media, and corresponding zero speed of sound as defined 
in the classical sense; hence, the characterization of un-compressed ordered granular media as 
‘sonic vacua’ by Nesterenko [6]. As mentioned previously, with applied pre-compression a linear 
component in the dynamics is generated and the problem becomes linearizable; in fact, for strong 
pre-compression the dynamics of granular chains becomes weakly nonlinear resembling 
Korteweg-de Vries (KdV) chains, which have been studied by standard asymptotic methods of 
the theory of nonlinear oscillations [14]. Due to the presence of strongly nonlinear acoustics, 
uncompressed ordered granular media possess very rich dynamics, such as solitary waves 
[5,8,10,12,15], traveling waves [16], nonlinear normal modes [17,18], countable infinities of 
resonance and anti-resonance phenomena [15,19,20], and intrinsic localized modes or discrete 
breathers [21–28]. Hence, the nonlinear dynamical mechanisms governing these phenomena are 
currently the focus of intense theoretical, numerical and experimental study. It is noteworthy, 
that contrary to the well-established Fermi-Pasta-Ulam problem where the dynamics is smooth 
[29], problems in ordered granular media are much more complex due to the nonlinearizable 
Hertzian interaction law between granules, as well as to possible non-smoothness effects 
(generated by neighboring granule separations and ensuing collisions) that give rise to responses 
that are quite unique in the class of dynamical systems [30]. 
The majority of works in ordered granular media considered the study of the dynamical 
behaviors of one-dimensional (1D) granular chains. Most of these studies were focused in the 
analysis of wave propagation in 1D homogeneous and heterogeneous granular crystals, with one 
of the main applications being their use as shock mitigating devices. Pulse propagation of a 1D 
homogeneous granular chain (i.e., composed of identical spherical beads) is strongly nonlinear 
due to the absence of sound waves as predicted by classical acoustic theory. Nesterenko and co-
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workers [4–6,9,10] were the first to show that perfectly aligned, a one dimensional homogeneous 
granular chain supports a special strongly localized traveling wave, the so-called Nesterenko 
solitary wave. The shapes and speeds of these waves are dependent on their amplitudes, they 
span over 5 beads (granules), they do not involve separations between beads (so homogenization 
techniques can be employed for their analysis), and constitute a new class of solitary waves 
sometimes referred to as 'compactons' [31] exhibiting super-exponential decay in their tails [32]. 
The dynamics of 1D diatomic granular chains (dimers) has also been studied in great 
detail [6,15,33–35,19,36]. Dimers are composed of pairs of dissimilar elastic beads, for example, 
a sequence of alternating ‘heavy’ and ‘light’ beads with specified boundary conditions. In fact, in 
an appropriately designed dimer chain, an initial impulse applied to the free left boundary, leads 
to localized oscillations of the light beads, that is, the light beads either collide repeatedly with 
their neighboring heavy beads and or are squeezed between them. This results in effective 
scattering of pulse energy to higher frequencies in the form of traveling waves radiating pulse 
energy to the far field, and eventually leads to drastic pulse attenuation [15]. The dynamical 
mechanism governing optimal pulse attenuation (and dispersion) in dimer chains was studied in 
detail in [15], and it was found to be a new type of 1:1 nonlinear resonance. It was reported that a 
dimer in 1:1 resonance and no pre-compression is capable of passively reducing up to 75% the 
amplitude of a propagating pulse resulting from an applied impulse. We note that this new type 
of resonance is not caused by the boundary conditions of the dimer chain; rather it is due to 
resonance interactions between heavy and light beads. 
Variability and uncertainties also play an important role in many engineering 
applications, even more so in the case of dynamic analysis. Even though specimens, e.g., the 
spherical beads (granules) of the granular chain, originate from the same production process, 
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variability is inherent to their properties and, hence, can be modeled in terms of uncertain 
parameters, e.g., by using random variables in the framework of probability theory. The amount 
of this variation depends on the specific material and production process, and can be 
appropriately described in terms of the coefficient of variation (COV) of the random quantities. 
Considering a dimer granular chain, such variability may be present in the distribution of the 
masses of the spherical beads or of their radii [37,38]. The dynamics of dimer systems with 
uncertainties has been considered by [39], by the effective chain and binary collision models. 
Due to the inherent restrictions of these models, the effect of uncertainty was modeled as a single 
random variable characterizing the mass variation of all light beads; moreover, this variation was 
restricted to be in a small range. The effects of polydispersity on pulse propagation have been 
analyzed in great detail in [40–47]. Polydispersity in a granular chain can be introduced either in 
a deterministic fashion (i.e. in stepped or tapered chains), or in random fashion by modeling the 
masses randomly or by modeling the chains with alternating ‘heavy’ and ‘light’ beads. Various 
types of granular chains, tapered, dimer, and disordered chains, were investigated in [35] and 
stochastic optimization procedures were used to find the optimal placement of bead sizes for 
optimal shock attenuation. In [44] a tapered chain (i.e., a chain with progressively decreasing 
bead radii) has been analyzed, and the effect of radius shrinkage ( )q and restitutive losses ( )w  
on the maximum force at the tapered end has also been analyzed. It was found that 
approximately 80%  of the maximum input force can be absorbed by the tapered chain with a 
value of 0.09q   and with the presence of dissipative effects (due to inelastic bead collisions) 
included in the analysis. 
In addition to the well-studied applications of granular crystals in passive shock 
mitigation and isolation [3,7,35,46,48], other applications have been considered, such as in 
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acoustic diodes [49], in acoustic lens [50,51], in developing tunable vibration filters [19,21], in 
implementing targeted energy transfers [52], and in nondestructive evaluation (NDE) testing in 
orthopedics [53], composite structures [54] (for applications in monitoring hydration in cement 
see [55], and in adhesive epoxy see [56]). 
Contrary to 1D granular chain, two-dimensional (2D) and three-dimensional (3D) 
granular networks are relatively unexplored. Only recently 2D granular crystals have been 
explored in more detail [57–69]. In most of these studies, coupling between two or more coupled 
chains can be realized by either placing interstitial cylindrical intruders [57,58] or interstitial 
spherical intruders [59,61,62,66], and other geometric means (e.g., in the case of hexagonal 
lattice studied by [64,70]). To study the phenomenon of energy exchange in coupled 2D granular 
networks, reduced order models (i.e., scalar models comprising of arrays of arbitrary numbers of 
weakly coupled granular chains) were also proposed [62]. The dynamics of two (or more) 
weakly coupled oscillators has received recently attention in various aspects of physics and 
mechanics; this is due to the major importance of these types of problems from the point of view 
of practical applications [71–74]. For the case of two weakly coupled identical Hamiltonian 
oscillators in resonance, any amount of energy imparted to one of the oscillators, gets transferred 
back and forth between these oscillators with a frequency depending on the type and strength of 
the coupling. On the other hand, localization of energy is also possible in such systems provided 
that the aforementioned resonance is broken. This phenomenon is trivial for linear systems 
through the use of structural disorder. However, for nonlinear systems, it has been shown that the 
inherent nonlinearity plays a “double game” [75–78] when one attempts to localize energy in one 
of the oscillators, in the sense that nonlinearity can either restore the resonance among the 
oscillators or maintain the resonance breakup (hence, no structural disorder is required in this 
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case). In nonlinear, spatially periodic systems, localized nonlinear modes can be formed. These 
modes are referred as intrinsic localized modes or discrete breathers – DBs [79,80]. Focusing and 
transport of energy through discrete breathers have found application to a broad range of 
physical, chemical, and biological systems. For example, in chemical systems the concept of DB 
has been introduced in studies of the vibrational states of molecules [81], whereas in physics it 
has been applied in studies of nonlinear lattice problems [82–84]. Various other systems have 
also experienced DBs, such as waveguide arrays [85], low-dimensional crystals [86], 
antiferromagnetic spin lattices [87], underdamped Josephson-junction arrays [88] and Josephson-
junction ladders [89], charge-transfer solids, photonic structures and micromechanical oscillator 
arrays [90],  -helices [91], nonlinear protein networks [92], and  -uranium systems [93].  
 The formation of DBs in ordered granular media is, however, a relatively new area of 
study, since in contrast to the previous applications, these media are highly discontinuous and 
lack any linear dynamics or acoustics. Some recent studies related to DBs in granular crystals 
include metastable breathers in one-dimensional acoustic vacua [27]; DBs in compressed 
granular chains at interfaces between diatomic chains and monoatomic chains [28]; and wave 
localization phenomena [94] and localized breathing modes [23] in granular chains with mass 
defects. 
When constructing practical granular networks (for a detailed introduction to different 
types of engineered materials we refer to [95,96]) composed of a number of connected granular 
chains, there are different ways for achieving coupling between chains; that is, by means of 
interstitial intruders [57–59,61,62,66] or by embedding the granular media in elastic or 
viscoelastic material matrices. Probably, the latter is the most practical and effective way to 
realize engineered granular networks. The matrix material can be chosen from a wide variety of 
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available materials, e.g., poly-di-methyl-siloxane (PDMS), silicone, urethane, silicone rubber, 
sodium- or potassium-based geopolymers, and so on. The prime advantage of using such 
materials is that one has the flexibility to design and control the coupling stiffness between the 
granular chains of the network and the overall dissipation properties of the metamaterial by 
appropriate selection of the material properties of the matrix. Moreover, even for a given matrix 
material, one can also tune the effective coupling between the granular chains in the network by 
varying the distance between them, i.e., the amount of matrix material between them. Despite the 
flexibility of attaining different material stiffness, embedded granular chains can be conveniently 
constructed and practically implemented, by carefully controlling issues such as aligning the 
granules and ensuring contact between them. 
The concept of developing acoustic metamaterials based on ordered granular media is a 
relatively new concept, and only recently has it attracted research focus [97–100]. This type of 
impulsively excited acoustic metamaterials was studied both theoretically and experimentally 
[97,99] for impact and vibration attenuation. However, there are no research results on coupled 
granular networks under impulsive or forced harmonic excitations, despite the fact that this 
represents an important problem of considerable practical importance. The need for research in 
this area is further highlighted by the fact that, as shown in previous works [17,18], ordered 
granular chains support acoustic bands, i.e., pass and stop-bands, in similarity to linear periodic 
systems. In addition, prior theoretical studies [22,25] have predicted the existence of standing 
and traveling breathers in such strongly (essentially) nonlinear systems, but no experimental 
evidence of the existence of such responses has been reported to date.  
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1.1 Research objectives 
Motivated by the latest developments in studies of the dynamics of weakly coupled linear and 
weakly nonlinear chains [71–74,101–105], as well as, by recent, ground-breaking achievements 
in the area of the strongly nonlinear dynamics of one-dimensional granular media reviewed in 
the previous section, in this dissertation we aim to analyze the nonlinear dynamics of coupled, 
uncompressed, highly discontinuous and strongly nonlinear, ordered granular media with or 
without the presence of on-site potentials. Unlike previous studies of weakly coupled oscillatory 
chains, the dynamical systems considered herein incorporate both non-smooth effects due to 
possible separations between interacting neighboring beads (granules), as well as strongly 
nonlinear inter-particle Hertzian interactions. In a broader context, this work aims to be a first 
step in the study of the nonlinear dynamical mechanisms that govern strong energy exchange 
phenomena and passive redirection of propagating pulses in coupled, highly discontinuous and 
strongly nonlinear media. 
Hence, the main theme of this dissertation is the passive nonlinear control of energy flow 
in coupled granular networks by means of pulse and energy trapping, redirection and scattering. 
Accordingly, the main objectives of this work can be summarized as follows: 
 To study the strongly nonlinear dynamical mechanisms that govern energy transfer 
phenomena and energy redirection (and redistribution in frequency) in coupled granular 
networks and in practical acoustic metamaterials. 
 To investigate and develop a predictive design framework of nonlinear wave propagation 
in coupled granular networks and acoustic metamaterials for effective wave tailoring. 
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 To theoretically formulate and experimentally verify new design concepts for optimizing 
the topology of branched-granular media composed of stiff-soft sections, leading to 
passive shock energy redistribution in preferential directions within the network. 
 Finally, to design and experimentally study a new class of granular acoustic 
metamaterials, which can be used as passive dissipaters of unwanted disturbances 
generated by external broadband and narrowband external excitations at varying energy 
ranges. 
1.2 Outline of the dissertation 
To accomplish the aforementioned objectives, we follow a systematic approach in analyzing the 
specific area of research. In Chapter 2, Section 2.1, we consider weakly coupled arrays of 
homogeneous granular chains and show that pulses that are initiated (and localized) to one of the 
chains, gradually ‘disperse’ to all chains, so that ultimately pulse equi-partition is realized 
[106,107]. Further, we show that due to equi-partition, the initial pulse results to a set of 
synchronous solitary waves (albeit of smaller amplitudes compared to the initial pulse), each 
propagating with the same speed at each of the granular chains of the weakly coupled granular 
network. Next, in Section 2.2, we analyze the dynamics of two weakly coupled, strongly 
nonlinear granular chains mounted on linear elastic foundations (i.e., with linear on-site 
potentials) and no pre-compression, and identify three different mechanisms for complete and 
recurrent energy exchanges between the chains [108,109]. Common in these mechanisms is the 
excitation of nonlinear beat phenomena involving spatially periodic traveling waves, standing 
localized breathers or propagating localized breathers. Then, in Section 2.3 we focus on targeted 
energy transfers from an excited to an absorbing chain in a coupled granular network, and 
consider conditions for realizing energy localization in one of the chains instead of nonlinear 
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beating phenomena between both chains of the network [52,110]. We show both theoretically 
and numerically that efficient targeted energy transfer is possible from the directly excited chain 
to the absorbing one, either by interrupting the coupling stiffness between the two chains at an 
appropriate phase of the developing nonlinear beat phenomenon, or by realizing a macroscopic 
analog of the Landau–Zener tunneling quantum effect in space. This is achieved by appropriately 
varying the stiffness of the elastic foundation of the excited chain so that conditions of resonance 
energy transfer are developed in order to transfer energy from the (initially) excited to an 
absorbing chain, and then escaping from this resonance in order to confine (localize) the 
transmitted energy to the absorbing chain without the possibility for energy back scattering to the 
excited one.  
Practical implementation of granular media in acoustic metamaterials, requires 
embedding these structures into some form of supporting elastic medium or matrix. Hence in 
Chapter 3, Section 3.1, we present an experimental study of primary pulse transmission in 
ordered steel granular chains embedded in poly-di-methyl-siloxane (PDMS) elastic matrix [111]. 
We experimentally test a system consisting of either a single, or two coupled granular chains 
embedded in PDMS matrix with varying lateral gap between them. Based on the experimental 
measurements we also construct a strongly nonlinear theoretical model of coupled oscillators that 
accurately predicts primary pulse propagation in the experimental system. In Section 3.2 we 
extend this work to experimentally study acoustic pass- and stop- bands and the formation of 
propagating breathers in harmonically excited ordered granular chains embedded in three 
different types of matrix, namely PDMS, polyurethane and geopolymer [112]. Both single and 
coupled granular chains are tested, and the detected acoustic bands and breathers are robustly 
detected in each case over varying frequency and amplitude ranges. Low-frequency acoustic pass 
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bands are characterized by pulse-like transmission in the granular media and negligible effective 
compression, whereas high-frequency stop bands by complete filtering of granular media 
dynamics and strong effective compression. At intermediate frequency ranges we observe the 
propagation of traveling breathers in the granular chains, in the form of wavetrains of localized 
wavepackets separated by silent regions. We also study the effects of the matrix and the distance 
between coupled granular chains on the propagation of the traveling breathers, and confirm the 
robustness of these strongly nonlinear responses in this highly discontinuous class of acoustic 
metamaterials. Finally, we propose a simplified theoretical model that fully recovers the 
experimentally detected responses. 
In Chapter 4, we numerically study the propagatory and oscillatory responses of 2D 
granular networks with discontinuous lateral boundary conditions [113]. The motivation for 
studying these systems is that the resulting nonlinear on-site potentials in the coupled chains can 
result in a broad range of nonlinear responses, such as localized standing waves and different 
types of propagating breathers. Moreover, the dynamics of this network can be analyzed by using 
simplified low-dimensional reduced modes of nonlinear coupled oscillators, a feature which 
greatly facilitates predictive design. Indeed, we show that by considering discontinuous lateral 
boundaries we can achieve effective passive wave arrest designs through near-field, nonlinear 
energy localization and entrapment of the externally induced impulsive energy close to the point 
of its application. Although eventually the entrapped energy ‘leaks’ to the far field, this occurs 
after considerable time delay, on a slow time scale, and at considerably reduced intensity 
compared to initially applied impulse. Hence, this type of granular networks can be considered as 
good candidates for effective shock arrestors and mitigators. 
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Finally in Chapter 5 we summarize the main findings of this work and discuss their 
potential applications. Furthermore we provide some suggestions for further research on the 
topics of this dissertation. 
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CHAPTER 2 
NONLINEAR DYNAMICS OF COUPLED GRANULAR NETWORKS 
The dynamics of coupled oscillators has received much attention since these systems are often 
encountered in engineering practice. Examples range from nonlinear optics and coherent 
couplers [1] to targeted energy transfer in mechanical and aerospace structures for vibration and 
shock mitigation [2]. In this chapter, applications of the theory of coupled nonlinear oscillators 
have been considered in the field of coupled ordered granular media. The aim is to design a new 
class of strongly nonlinear and highly discontinuous acoustic metamaterials with highly adaptive 
and tunable properties leading to effective mitigation of propagating disturbances [3–8]. To 
study the phenomenon of energy exchange in coupled granular networks, a reduced order model 
(in the form of a scalar model consisting of an array of weakly coupled granular chains) is 
proposed in this chapter. In the model, all beads (granules) are constrained to move only in the 
horizontal direction, and the chains interact through coupling stiffness elements. It will be shown 
that this scalar model has the ability to capture many interesting nonlinear dynamical phenomena 
in the granular network, including energy equi-partition [9], nonlinear beating [10], nonlinear 
targeted energy transfers [11], and other interesting dynamics [12]. No dissipative effects, such 
as plasticity or dry friction effects are taken into account in our analysis. Moreover, assuming 
that no pre-compression exists in the granular chains, the dynamics of the system under 
consideration is strongly (essentially) nonlinear, having with no linear component and zero speed 
of sound as defined in the classical sense. 
We will also show that the scalar granular models consisting of weakly coupled, perfectly 
aligned, homogeneous chains possess intriguing nonlinear properties, such as redistribution of an 
applied pulse originally applied in the longitudinal direction to lateral directions and ‘spreading’ 
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of this pulse among all the chains of the granular network. This provides a very promising new 
mechanism for efficient energy redistribution between the parallel granular chains. Needless to 
say, the concept of targeted energy transfer in weakly interacting granular chains holds great 
potential for designing highly adaptive granular materials for shock waves redirection and 
control. 
2.1 Study of energy equi-partition in coupled granular chains 
In this section, we report on the strongly nonlinear dynamics of an array of weakly coupled, non-
compressed, parallel granular chains subject to a local initial impulse. The motion of the granules 
in each chain is constrained to be in one direction which coincides with the orientation of the 
chain. We show that in spite of the fact that the applied impulse is applied to one of the granular 
chains, the resulting pulse that initially propagates only in the directly excited chain gets 
gradually equi-partitioned between its neighboring chains, and eventually is ‘spread’ in all chains 
of the granular array. In particular, the initially strongly localized state of energy distribution 
evolves towards a final stationary state of formation of identical solitary waves that propagate in 
each of the chains. These solitary waves are synchronized and have identical speeds. The results 
reported in Section 2.1 are of major practical significance, since they indicate that the weakly 
coupled array of granular chains is a medium in which an initially localized excitation gets 
gradually defocused, resulting in drastic reduction of propagating pulses as they are equi-
partitioned among all chains of the network.  
2.1.1 System description 
We start our discussion with the formulation of a dynamical system consisting of an array of   
weakly coupled, parallel un-compressed homogeneous granular chains (cf. Figure 2.1). Each 
granular chain is composed of identical elastic spherical beads which, under compression, 
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interact through an essentially nonlinear (non-linearizable) Hertzian law; in the absence of 
compressive forces separations between beads are possible leading to possible collisions between 
beads. Hence, each un-compressed granular chain represents a highly nonlinear and possibly 
discontinuous dynamical system.  
 
Figure 2.1. Granular network consisting of N  coupled chains. 
We assume that an initial impulsive excitation is applied to one of the chains of the array, 
and we wish to study how the initial impulsive energy is ‘dispersed’ through the granular array. 
The governing equations of motion of the array are given by, 
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where ( )j
ix  denotes the displacement of the i th bead in the j th chain, 1, 2,..., 1i j N   . 
The subscript (+) in a curly bracket indicates that the fractional power expression has meaning 
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only when the argument inside the bracket is non-negative, and otherwise should be set equal to 
zero. This models the possibility of separations between beads in the absence of compressive 
forces. In addition, the strength of the lateral coupling between chains is governed by the 
coefficient k . 
2.1.2 Computational study of energy equi-partition 
We initiate the numerical study of (2.1) for the case of two, weakly coupled granular chains with 
2N   and 0.1k  . Applying an initial impulse of magnitude   = 1 to the first particle of the 
first (excited) chain, we note a quite interesting dynamical phenomenon (cf. Figure 2.2). Indeed, 
no matter what is the value of linear lateral coupling k  between chains, pulse equi-partition 
between the two granular chains (both excited and absorbing) occurs. That is, after some initial 
transients during which there is energy exchange between chains in what resembles a nonlinear 
beat, two identical solitary waves (pulses) are formed in the two chains, being fully synchronized 
(i.e., with zero phase difference between them), and possessing identical speeds and amplitudes. 
Hence, a pulse initially localized in one of the chains gets equi-partitioned between the two 
chains. 
The pulses that eventually develop in each of the chains have the form of Nesterenko 
solitary waves [13] with amplitudes equal to nearly 40% of the initial localized impulse. This is 
deduced from the results shown in Figure 2.3, where the responses of the 55th beads of the 
directly excited and absorbing chains are depicted. We note the formation of identical and 
synchronized solitary waves in both chains (obviously propagating with identical speeds), so that 
the weak coupling links between the two chains have no effect on the dynamics of these 
propagating pulses after equi-partion and the formation of these solitary waves in the stationary 
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regime of the dynamics. As a result of pulse equi-partition we note a drastic reduction (nearly 
60%) of the amplitudes of the formed solitary waves in the stationary regime. 
  
Figure 2.2. Velocity responses of the first 100 beads of the two chains of the array with   = 2 
and 0.1k  for initial excitation of the first chain with an impulse of magnitude   = 1. 
 
Also, it appears that pulse equi-partition is insensitive to variation of the coupling 
between chains. This is deduced from the results of Figures 2.4 and 2.5, where pulse equi-
partition is observed for an array of two coupled chains with stronger lateral coupling 0.5k   
and initial impulsive excitation of intensity   = 1. In this case, however, the period of the initial 
transients is significantly reduced, and the eventual reduction of the amplitudes of the two 
formed Nesterenko solitary waves at the stationary regime is nearly 65% compared to the 
magnitude of the initial localized impulse. This indicates that the phenomenon of pulse equi-
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partition in the weakly coupled array is robust to changes in the weak lateral coupling, and more 
importantly, that the amplitudes of the solitary waves in the two chains resulting after the equi-
partition are dependent on the weak lateral coupling. 
 
 
(a)                           (b) 
Figure 2.3. Response of the 55th bead of the directly excited (a), and absorbing chain (b) 
depicting the formation of Nesterenko solitary waves due to equi-partition, for the system with 
2, 1, 0.1  N V k . 
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Figure 2.4. Velocity responses of the first 100 beads of the two chains of the array with   = 2 
and 0.5k  for initial excitation of the first chain with an impulse of intensity   = 1. 
 
(a)                          (b) 
Figure 2.5. Velocity response of the 55th bead of the directly excited (a), and absorbing chain (b) 
depicting the formation of Nesterenko solitary waves due to equi-partition, for the system with
2, 1, 0.5  N V k . 
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The sensitivity of the pulse equi-partition with respect to the coupling strength is further 
demonstrated in Figure 2.6. It is clear from these results that for coupled granular chains, equi-
partition of energy can be achieved even for very low coupling stiffness value (cf. Figure 2.6a), 
however the number of beads require to achieve equi-partition is higher. Hence, as the coupling 
stiffness between the two chains increases, the total number of beads require for energy equi-
partition decreases.  
 
(a) 0.01k                                                               (b) 0.3k   
 
(c) 0.4k   
Figure 2.6. Velocity responses of the beads of the two coupled chains for different coupling 
stiffness values, with   = 2 and for initial excitation of the first chain with an impulse of 
magnitude   = 1. 
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In the next series of simulations we demonstrate that pulse equi-partition is robust with 
respect to the number of parallel chains   in the weakly coupled array. The response of the array 
composed of   = 3 coupled homogeneous granular chains is depicted in Figure 2.7 for 
1, 0.1 V k . It is clear from Figure 2.7 that similar to the array with two chains, there is an 
initial exchange of energy between the three chains, after which the dynamics settles in a 
stationary regime where three synchronized Nesterenko solitary waves are formed, one in each 
of the three parallel chains. Again, in the stationary regime, due to the synchronization of the 
three solitary waves, these waves become insensitive to the weak lateral links between the 
chains. Moreover, it is clear from these results, that after the energy of the initial impulse is equi-
partitioned between the three chains, there is a drastic reduction of the amplitudes of the 
synchronized solitary waves by approximately 75% with respect to the initially applied localized 
impulse. In Figure 2.8 we depict the three synchronized identical solitary waves formed in the 
system in the stationary regime. 
 
Figure 2.7. Velocity responses of the first 100 beads of the three chains of the array with   = 3 
and 0.1k   for initial excitation of first chain with an impulse of magnitude   = 1. 
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(a)                    (b)                               (c) 
Figure 2.8. Response of the 90th bead of the directly excited (a), 1st absorbing (b), and 2nd 
absorbing chain (c), depicting the formation of Nesterenko solitary waves due to equi-partition, 
for the system with 3, 1, 0.1  N V k . 
We note that even in the case of  three coupled chains, the equi-partition of the 
propagating pulses is insensitive to the coupling value, as shown in Figure 2.9. 
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(a) 0.01k   
 
(b) 0.3k   
Figure 2.9. (cont. on next page) Velocity responses of the beads of the three chains of the array 
with   = 3 and for initial excitation of the first chain with an impulse of magnitude   = 1. 
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(c) 0.4k   
Figure 2.9. Velocity responses of the beads of the three chains of the array with   = 3 and for 
initial excitation of the first chain with an impulse of magnitude   = 1. 
 
The above numerical results demonstrate that an initially localized impulsive energy 
applied to one of the chains of the weakly coupled array is eventually equi-partitioned among all 
chains, with simultaneous drastic reduction of the resulting synchronized Nesterenko solitary 
waves that are eventually formed in all of the chains of the granular network. Moreover, after the 
eventual formation of the solitary waves through equi-partition the dynamics becomes 
insensitive to weak lateral coupling. 
 
2.1.3 Summary 
We reported an interesting phenomenon observed in the dynamics of an array of weakly coupled, 
uncompressed granular chains subject to localized excitations. Namely, we demonstrated 
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numerically that following the localized excitation of one of the chains of the array there occurs 
gradual leakage of energy to all neighboring chains in a process that initially appears in the form 
of nonlinear beating, but eventually reaches a stationary state wherein equi-partition of energy to 
all chains occurs. This state is signified by the formation of synchronous Nesterenko solitary 
waves propagating in all chains of the network, and possessing identical propagation speeds and 
amplitudes. Hence, a localized excitation eventually ‘spreads’ evenly among all chains; this 
pulse equi-partition is robust to variations of the uniform lateral coupling between chains. These 
results are of significant practical importance in engineering applications dealing with passive 
shock wave attenuation, since it is quite evident that a material system incorporating the type of 
granular setups discussed herein carries the capacity to defocus and effectively disperse initially 
localized applied pulses. 
2.2 Complete and reversible energy exchanges – nonlinear beat phenomena 
In this section, we present an analytical and numerical approach for analyzing complete and 
reversible energy exchanges in weakly coupled granular media. In particular, we consider two 
weakly coupled uncompressed granular chains of semi-infinite extent, composed of perfectly 
elastic spherical beads under Hertzian interactions, mounted on linear elastic foundations. Hence, 
contrary to Section 2.1, the granular chains considered herein possess on-site potentials due to 
the elastic foundations. One of the chains is regarded as the ‘excited chain,’ whereas the other is 
designated as the ‘absorbing chain’ and is initially at rest. Three different mechanisms for 
complete and recurrent energy exchanges between the chains are identified, corresponding to 
regimes of standing breathers, propagating breathers, and traveling waves. 
 
 
38 
 
2.2.1 System description 
The system shown in Figure 2.10 consists of two semi-infinite weakly coupled, uncompressed 
ordered homogeneous granular chains mounted on linear elastic foundations and coupled by 
weak linear stiffnesses. Each chain consists of a number of identical linearly elastic spherical 
granular beads, which are in touch with one another, so their Hertzian interactions are essentially 
nonlinear (i.e., non-linearizable); moreover, in the absence of compression, bead separations may 
occur leading to collisions and providing an additional source of strong nonlinearity. Here, we 
denote by 
1k  and 2k  the stiffness coefficients of the linear elastic foundations and of the linear 
coupling elements, respectively, and assume weak coupling by imposing the condition 
1 2k k . 
In addition, as in the previous section we assume that the beads of both chains are constrained to 
move in the horizontal direction only, and that no dissipative forces exist in the system. 
 
Figure 2.10. Schematic of the weakly coupled homogeneous granular chains on elastic 
foundations. 
 
1k
… 
… 
1k
2k
1 1n n nx x x 
1 1n n ny y y … 
… 
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 Assuming Hertzian contact law interaction between beads, the kinetic and potential 
energies of the two semi-infinite granular chains are defined as follows, 
   
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(2.2)        
where the variables nx  and ny  denote the displacements of the n th  beads for the lower and 
upper chains, respectively,   denotes the mass of each spherical bead, E  its elastic modulus, R
its radius, and   the Poisson’s ratio of the linearly elastic material of the beads. We assume that 
all the beads have the same material properties. The subscript (+) in (2.2) indicates that only 
nonnegative values in the parentheses should be taken into account, with zero values being 
assigned otherwise; this accounts for possible separations between beads that may occur in the 
absence of compression. Then, the equations of motion for this system can be expressed in 
following non-dimensionless form: 
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(2.3) 
In (2.3),   is the normalized stiffness coefficient of the nonlinear Hertzian interaction between 
the beads of each chain,   the normalized parameter scaling the linear coupling between chains 
and 0 1   the small scaling parameter of the problem denoting the weak coupling between 
chains. We assume that an impulsive excitation is applied to the first bead of the lower chain 
which is referred to as the ‘excited chain,’ whereas the upper chain is initially at rest and is 
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designated as the ‘absorbing chain.’ A vectorized fourth order Runge-Kutta time integration 
scheme is used to numerically calculate the dynamics of system (2.3). 
2.2.2 Recurrent energy exchanges in the system of coupled granular chains 
As a first step we apply an initial impulse to the first bead of the excited chain and numerically 
compute the bead responses of the two chains. In Figures 2.11 and 2.12, we plot the 
instantaneous kinetic energy and relative displacement of each bead, respectively, both in the 
excited and absorbing chains. The results clearly depict that nearly complete but reversible 
energy exchange is occurring between the two chains. Interestingly enough, this repetitive 
energy exchange is caused by the excitation of nonlinear beat phenomena, whereby initially all 
input energy is localized in the excited chain, but with progressing time nearly all of this energy 
gets transferred to the absorbing chain, as energy is almost completely ‘drained’ from the excited 
chain. At a later phase of the dynamics the energy gets transferred back to the excited chain, after 
which this energy exchange cycle repeats itself recurrently. We note that this repetitive energy 
exchange occurs in the absence of dissipative forces in the system. The described nonlinear 
energy exchange phenomenon represents a propagating breather in the system of coupled 
chains, denoted by an oscillatory response of each particle of each chain, modulated by a slowly 
varying envelope which propagates at a constant speed. 
Now, we would like to analytically study these almost complete and recurrent energy 
exchanges. In the following analysis we focus only in the case of 1:1 internal resonance, i.e., 
when the oscillations of the beads of the two chains possess nearly identical frequencies. To 
carry the analysis we will employ the complexification-averaging – CX-A technique first 
introduced by Manevitch [16] and then applied to various problems related to passive nonlinear 
targeted energy transfer [2]. 
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(a)                     (b)    
Figure 2.11. Space-time representation of complete and reversible energy exchange between the 
two coupled chains obtained by numerical simulation of the dynamics of system (2.3): 
Instantaneous kinetic energy in, (a) the excited chain and (b) the absorbing chain for the first 40 
beads of each chain, for parameters 0.05, 10, 1.05      and initial conditions 
(0) (0) (0) (0) 0, 1,2,...     n n n nx y x y n , except for 
1/2
1 0 0(0) , 1 x V V . 
To this end, we rewrite equation (2.3) as follows, 
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introduce a condition of 1:1 internal resonance, i.e., the assumption that all beads of the two 
chains oscillate with identical frequency, and apply the complexification-averaging (CX-A) 
methodology first developed by Manevitch [2,16]. 
 
Figure 2.12. Numerical simulation of the dynamics of (2.3): (a) Relative displacements 
 1n nx x   and (b)  1n ny y   of the first 40 beads of the excited and absorbing chains, 
respectively, for 0.05, 10.0, 1.05      and initial conditions 
(0) (0) (0) (0) 0, 1,2,...     n n n nx y x y n , except 
1/2
1 0 0(0) , 1 x V V . 
Hence, we introduce the following new complex variables, 
* *, , ,x y x yn n n n n n n n n n n nx ix y iy x ix y iy               (2.4b) 
(a) 
(b) 
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where asterisk denotes complex conjugate and 
1/ 2( 1)i   . By relations (2.4b) we implicitly 
assume that a condition of 1:1 resonance exists between the bead oscillations of the two chains 
and that all beads oscillate with normalized frequency equal to unity. The transformation of 
variables ( , ) xn n nx x  , represents a convenient complex representation of the phase plane 
dynamics of the i-th bead (as shown below, this representation makes it possible to study the 
transient nonlinear dynamics in terms of slowly varying amplitudes and phases). In physics and 
engineering this representation is known as phasor (phase vector) combining the information (in 
a single complex variable) for the amplitude and phase variation of an oscillatory response, 
rather than representing separately the displacement and velocity responses. Thus, the complex 
variable 
x
n  can also be viewed as a rotating coordinate system (polar coordinate system), while 
( , )n nx x  as a stationary frame. Moreover, the complex conjugate, linear combinations of 
displacements and velocities can be visually presented as vectors of equal length rotating in 
opposite directions. 
From (2.4b), we can represent the real responses , , , ,n n n nx x x y y    and ny  in terms of the 
new complex variables as follows: 
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          (2.5) 
Substituting (2.4b) and (2.5) into (2.4a) and performing algebraic simplifications we obtain the 
following system of first order complex equations, which is still exact and completely equivalent 
to (2.3): 
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(2.6) 
Now, we introduce the multiple scales method to obtain the approximate solution of (2.6) 
under condition of 1:1 resonance. To leading order, we assume the existence two time scales in 
the dynamics, namely a fast time scale 0 t   and a slow time scale, 1 0  . The fast time scale 
is the characteristic time scale of oscillations governed by the linear foundations of the two 
chains, whereas the slow time scale is the characteristic time scale governing the dynamics of 
nonlinear energy exchanges between the two chains. Rescaling the complex variables in (2.6) 
and expanding in asymptotic series as follows, 
 
 
1/2
0 0 1 1 0 1
1/2
0 0 1 1 0 1
0 1
( ) ( , ,...) ( , ,...) ...
( ) ( , ,...) ( , ,...) ...
...
x x x
n n n
y y y
n n n
t
t
d
dt
       
       

 
  
  
 
  
                                     
(2.7) 
substituting into (2.6) and matching terms multiplying different powers of the small parameter   
we obtain an hierarchy of subproblems governing the dynamics at different approximations in 
terms of the small parameter of the problem,  . Note that by the scalings (2.7) we assume that the 
responses of the beads of the two chains are small, that is of  1/2O  . 
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 Considering
 
 1/2O   terms we derive the following leading-order approximation: 
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(2.8) 
Viewed in the context of multi-scale dynamics, (2.8) represent a slow/fast partition of the 
dynamics of (2.6) or (2.3), with the complex exponential term  0exp i  representing the fast 
oscillating parts of the responses of the beads of the two chains (at the common fast frequency 
unity), and  , 1
x y
no   the slow envelopes (modulations) of the fast oscillations. 
Proceeding to the 
3/2( )O  approximation, we derive the following system, yielding the 
averaged slow flow dynamics, 
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(2.9) 
where, 
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Figure 2.13. Numerical simulation of the theoretically predicted averaged slow flow model (2.9) 
for the same parameters and initial conditions as in Figures 2.11 and 2.12; the plots show the 
slow envelopes of the relative responses of the first 40 beads in the excited and absorbing chains. 
 
 Equation (2.9) is the slow-flow modulation equation governing the nearly complete but 
recurrent energy exchanges between the excited and absorbing granular chains mounted on 
elastic foundations. The derivation of formula (2.9) is detailed in Appendix A. If we plot the 
response of the coupled slow flow equation (2.9) for the same system parameters and initial 
condition as in Figures 2.11 and 2.12, we get the responses depicted in Figure 2.13. These results 
clearly show that the averaged slow flow (2.9) accurately captures the energy exchange 
phenomenon between the granular chains that is initiated when an initial impulse is applied to 
the excited chain (cf. Figure 2.12). This can be deduced by noting that the plots of Fig. 2.13 
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capture accurately the slowly varying envelopes of the responses of the individual beads of Fig. 
2.12 which were derived by direct simulations of the original (exact) equations of motion (2.3). 
 To study the response of the averaged slow flow model (2.9) in space, in Figure 2.14 we 
plot the spatial profile of the relative displacements of the two chains at three different 
(normalized) time instants (the same parameters and initial condition of Figures 2.11, 2.12 and 
2.13 were employed). Referring to Figure 2.14, we note that at time instant 1 419t  , nearly the 
entire energy of the oscillation is localized in the excited chain whereas the response of the 
absorbing chain is almost zero. At a later instant of time 2 453t  , however, the reverse is 
observed, since almost all of the energy is transferred to the absorbing chain leaving an 
insignificant amount of energy in the excited chain. Furthermore, at an even later time instant 
3 488t   the energy of the oscillation is transferred back to the excited chain. Hence, we can 
clearly observe the recurrent nonlinear energy exchange (beat) phenomenon in the weakly 
coupled granular chains. Moreover, we note that during the occurrence of the nonlinear beats the 
energy travels towards the far field on the right, and that the energy localization occurs in the 
span of 4-5 beads. The residual response observed in the tail of the propagating pulse (i.e., from 
beads 1 to 35 in Figure 2.14) is due to partial scattering of the propagating primary pulse when it 
encounters the beads of the excited and absorbing chains, resulting in the formation of 
‘oscillating tails’ in its wake. 
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Figure 2.14. Spatial waveforms of the responses predicted by the averaged slow flow model 
(2.9): (a) Excited chain and (b) absorbing chain; three snapshots of the spatial waveforms are 
shown with 3 2 1t t t  . 
It is clear that weakly coupled granular chains with no pre-compression (and hence 
strongly nonlinear dynamics) mounted on elastic foundations exhibit complete and recurrent 
energy exchanges between the chains based on nonlinear beat phenomena under impulsive 
excitation. Now, we would like to study similar nonlinear beat phenomena by excitation of a 
certain type of steady dynamics of equation (2.3) (e.g., spatially periodic traveling waves and 
breathers). These phenomena are similar to those observed in coupled FPU chains [17], with the 
important difference being the non-smooth effects in the equations of motion of the granular 
chains studied herein, caused by separations between beads in the absence of compressive forces. 
Here, we would like to numerically verify the existence of three different mechanisms for 
complete and recurrent energy exchanges between the coupled granular chains based on 
(a) 
(b) 
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nonlinear beat phenomena involving spatially periodic travelling waves, standing breathers, and 
propagating breathers. 
We start our discussion by considering the case of a standing breather initially excited in 
one of the chains (say ‘excited chain’) and with the other chain (the ‘absorbing chain’) being 
initially at rest, and deriving the corresponding initial conditions that are necessary for the 
realization of this type of nonlinear dynamical response. In particular, we choose the necessary 
initial conditions in order for a standing breather to be formed in the excited chain.  
The necessary initial conditions for the velocities and displacements for both the excited 
and absorbing granular chains are derived from [17]. In Figure 2.15a we plot the displacements 
of the beads of both the excited and absorbing chains at different time snapshots. The numerical 
simulations verify that a nonlinear beat phenomenon is realized, in the form of a wandering 
standing breather between the two chains. Indeed, we observed that energy is exchanged back 
and forth between the two chains, so that energy initially localized in one of the chains is fully 
exchanged with the other in a repetitive fashion.  
The nature of this particular mechanism highly resembles the strong beat phenomenon 
exhibited by two weakly coupled oscillators; in fact, as shown by Manevitch et.al. [18] weakly 
coupled oscillators can undergo complete energy exchanges, and this can be fully explained 
theoretically and modeled using the concept of limiting phase trajectory (LPT) [18–23]. In 
Figure 2.15b we present the wandering standing breathers in space and time diagrams depicting 
the total instantaneous energies in each of the two granular chains (light shades correspond to 
high energy levels, whereas dark shades to low ones). These diagrams depict clearly the 
nonlinear beat phenomenon realized through the excitation of standing breathers. 
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Figure 2.15. Direct numerical simulations of nonlinear beat phenomenon by means of standing 
breathers in system (2.3): (a) Snapshots of bead displacements (due to the localized character of 
the standing breather only beads 1 8n   are depicted), (b) depiction of the dynamics in space 
and time. 
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Similarly we study nonlinear beat phenomena leading to complete energy exchange 
between the coupled granular chains through the excitation of traveling breathers. Again, the 
necessary initial conditions for exciting a traveling breather in one of the chains were analytically 
approximated in [17]. Then the original nonlinear differential equations (2.3) were numerically 
integrated in order to verify the existence of the theoretically predicted nonlinear beat 
phenomenon. In Figure 2.16a we depict different snapshots for the bead displacements for both 
the excited and absorbing granular chains computed by direct numerical integration of the 
original equations (2.3) using the analytically predicted initial conditions. It is clear that a 
nonlinear beat phenomenon occurs that involves complete and recurring energy exchanges 
between the two chains; however, in contrast to the previous case, the energy exchange occurs in 
the form of propagating breathers propagating in the two coupled chains with fixed phase 
difference. In Figure 2.16b the beat phenomenon is more clearly presented by plotting the 
instantaneous energies of the two granular chains in space and time. 
The third mechanism for complete and recurring energy exchange through nonlinear 
beats is by exciting spatially periodic traveling waves in the granular network. This is 
numerically verified using a similar procedure as previously [17]. Again, the motion of one of 
the granular chains is initiated through the theoretically predicted initial conditions 
corresponding to spatially periodic waves and the other chain is assumed to be initially at rest. 
Direct numerical simulations of equations (2.3) verify the occurrence of the nonlinear beat 
phenomenon. To this end, in the numerical simulations we model the two infinite chains as long 
cyclic chains (i.e., as chains with periodic boundary conditions) using a total of 100 beads per 
chain.  
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Figure 2.16. Direct numerical simulations of nonlinear beat phenomenon by means of 
propagating breathers in system (2.3): (a) Snapshots of bead displacements (only beads 
145 165n   are depicted); (b) depiction of the dynamics in space and time. 
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Figure 2.17. Direct numerical simulations of nonlinear beat phenomenon by means of spatially 
periodic traveling waves in system (2.3): (a) Snapshots of bead displacements (only beads 
1 100n   are depicted); (b) depiction in space and time. 
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In Figure 2.17a we depict different numerical snapshots of the displacements of the beads 
of the excited and absorbing chains, and infer a clear nonlinear beat phenomenon in this case as 
well. This is more apparent in the space-time plots of Figure 2.17b where the corresponding 
instantaneous energies of the two granular chains are presented. Hence, the third mechanism for 
complete and recurrent energy exchanges through nonlinear beats is numerically shown here. 
 The previous computational results indicate that the weakly coupled granular system of 
Figure 2.10 can undergo strong nonlinear energy exchanges through the excitation of traveling 
waves or breathers. Up to now, however, this energy exchange was reversible since all energy 
initially in one of the chains was found to eventually (and completely) transfer to the other one in 
a recurring fashion. In the next section we consider the problem of irreversible, i.e., directed or 
targeted, energy transfer from one chain to the other. Before we proceed with our analytical and 
computational study, however, we mention that the examined granular networks do not possess 
any source of dissipation, and the resulting phenomena are solely due to their intrinsic nonlinear 
dynamics. The effect of weak dissipation would be to dampen the transient response after an 
initial high-energy (and strongly nonlinear) regime, but the main dynamical mechanisms 
predicted in this work would still be valid in that case as well. Strong dissipation, however, could 
introduce new dynamical phenomena and the study of the corresponding response is left for 
further study. 
2.3 Nonlinear targeted energy transfers and passive energy redirection 
From the results depicted in Figures 2.11 – 2.17 of the previous section it is clearly observed that 
complete and reversible energy exchange among the two granular chains is possible through the 
excitation of nonlinear beat phenomena realized under the condition of 1:1 resonance. Now, the 
natural question to address is whether it is possible to completely localize the energy in the 
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absorbing chain in a one-way irreversible fashion so that energy does not ‘spread back’ to the 
excited chain. In this case, there would occur targeted energy transfer from one chain to the 
other, resulting in redirection of the propagating pulse in the granular network. 
Accordingly, in this section we present an analytical and numerical approach for 
analyzing the passive nonlinear targeted energy transfer – TET in weakly coupled granular 
chains mounted on elastic foundations. We study two different mechanisms for TET in this class 
of strongly nonlinear granular media, realized (i) by completely decoupling the chains taking into 
account the relative phases of the propagating breathers in the two chains, and (ii) through 
stratification of the elastic foundation leading to macro-scale realization of the analogue of 
quantum Landau-Zener tunneling quantum effect in space. Each mechanism provides an efficient 
way for eventual spatial localization of energy in the absorbing granular chain; the second 
mechanism, however, is especially interesting since it provides an example of macroscopic 
realization of the analogue of a quantum effect for passive energy transfer in ordered granular 
media. Numerical simulations will validate our theoretical analysis and results. 
To address these issues we need to extend the analysis of Section 2.2. From the exact 
governing equations (2.3) or (2.6), and the averaged slow flow model (2.9), it is clear that the 
dynamics depends on two parameters, namely the stiffness of the elastic foundation 1k , and the 
stiffness of coupling parameter  (or equivalently 2k ). Below we will show that, indeed it is 
possible to almost completely localize the impulsive energy in the absorbing granular chain 
through suitable tuning of either one of these two system parameters under impulsive excitation. 
In the following sections we will examine each of the aforementioned TET mechanisms 
separately. 
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2.3.1 Localization of energy by complete decoupling 
Referring to the snapshots of Figure 2.14 we note that at the particular time instant 2t t , energy 
localization in the absorbing chain reaches a maximum (occurring at approximately bead 43), 
whereas at the same time instant the response of the excited chain is almost negligible, consisting 
of low-amplitude oscillating tails due to pulse scattering. Hence, it is reasonable to assume that if 
we decouple the two chains starting at the location of the 43rd beads of the excited and absorbing 
chains (cf. Figure 2.18) we should be able to interrupt further development of the nonlinear beat 
phenomenon and energy should be permanently localized in the absorbing chain. Hence, 
irreversible energy transfer and localization in the absorbing chain could be achieved by 
introducing this type of physical decoupling at the appropriate phase of the nonlinear beat. 
Figure 2.18. Schematic of the system of granular chains with partial coupling. 
 This decoupling was performed for the impulsively excited system discussed in the 
previous section and the resulting responses are depicted in Figure 2.19. For this series of 
simulations the system parameters and initial impulse of the excited chain were identical to the 
simulations depicted in Figure 2.14. From the results of Figure 2.19 it is clear that if we 
1k
… 
… 
2k
1 1n n nx x x 
1 1n n ny y y 
No coupling 
… 
… 
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completely decouple the two chains after the positions of the 43rd beads of the excited and 
absorbing chains (i.e., at the location when the response in the absorbing chain reaches a 
maximum), then we are able to localize most of the energy in the absorbing chain in a 
permanent, irreversible fashion. We observe that before decoupling is applied, complete and 
recurring energy exchanges occur between the two chains as discussed in the previous section. 
However, once the decoupling is applied at the appropriate phase of the nonlinear beat (i.e., after 
the 43rd beads of the two chains), the energy of the oscillation is almost completely localized to 
the absorbing chain. The same localization phenomenon can be observed if we plot the spatial 
waveform of the propagating pulse as shown in Figure 2.20. 
 
Figure 2.19. Numerical simulation of theoretically predicted averaged slow flow model (2.9) for 
the parameters and initial condition as in Figure 2.14 after complete decoupling at the location of 
the 43rd beads; the plots show the slow envelopes of the relative responses of the first 100 beads 
of the excited and absorbing chains. 
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2.3.2 Targeted energy transfers and passive energy redirection through Landau–Zener 
tunneling effect in space  
The results of Section 2.3.1 confirmed that it is possible to localize most of the impulsive energy 
initiated in the excited chain to the absorbing chain when we completely decouple the two chains 
at an appropriate phase of the recurring nonlinear beat coupling. Given that this is not always 
achievable in practical metamaterials, in this section we will demonstrate an alternative 
mechanism for irreversible targeted energy transfer from the excited to the absorbing chain, 
based on inducing the macroscopic analogue of quantum Landau-Zener tunneling (LZT) effect 
[24,25] in space. Indeed, instead of complete decoupling between the two chains, we will 
consider spatial variation (stratification) of the elastic foundations of the granular chains.  
We note that such a macroscopic analogue of LZT (in time, however) was first reported 
in [26,27] considering a system of two very weakly coupled pendulums, with the length of one of 
the pendulums varying with time. LZT is a dynamical transition where a quantum system tunnels 
across an energy gap between two anti-crossed energy levels (states) [24,25]. Quantum LZT was 
observed in semiconductor superlattices for electrons [28], in optical lattices for ultracold atoms 
[29] and in Bose-Einstein condensates [30].  
The common feature of the aforementioned applications of nonadiabatic LZT is the 
irreversible (and almost unidirectional) exchange of energy between two states caused by 
external forcing or perturbation. This form of energy exchange is especially suitable for 
oscillating systems, such as the weakly coupled granular chain system considered herein, where 
impulsively induced vibration energy originally localized in one state (the excited chain) could 
be irreversibly transferred to an alternative state (the absorbing chain). It turns out that such a 
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classical system, governed by equations similar to those of a quantum system [26,27,31], can in 
fact be realized if the analysis is carried out in the spatial (instead of the temporal) domain.  
 
Figure 2.20. Spatial waveforms of the responses predicted by the averaged slow flow model (2.9) 
with complete decoupling starting from bead 43: (a) Excited chain and (b) absorbing chain; four 
snapshots of the spatial waveforms are shown with 4 3 2 1t t t t   . 
Hence, the present analysis provides a unique extension of a quantum mechanical effect 
(in time) in a macroscale setting (in space), and its application to a class of acoustic 
discontinuous metamaterials of significant importance in engineering practice. As a result, we 
will be able to formulate a new concept for nonlinear targeted energy transfer and passive energy 
redirection in coupled, multi-dimensional networks of granular metamaterials. 
 From a practical point of view, the proposed alternative LZT-based method of 
stratification is more feasible for implementation in material designs compared to complete 
(a) 
(b) 
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decoupling. For simplicity, in the following analysis we keep the elastic foundation of the 
absorbing chain uniform while spatially varying (decreasing) the elastic foundation of the excited 
chain from bead to bead. It follows that the normalized governing equations of motion of such a 
stratified system are given by: 
     
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In comparison with the original dynamical system (2.3), system (2.10) possesses one more 
parameter, namely the coefficient n , ( 1, 2,...n  ) denoting the detuning (stratification) 
parameter of the elastic foundation of the excited chain. This parameter varies in space and will 
play an important role for the realization of passive targeted energy from the excited to the 
absorbing chain, and, following that, nearly irreversible energy localization in the absorbing 
chain. Moreover, an initial impulse of intensity 0V  is applied to the first bead of the excited 
chain at 0t  , with the system being initially at rest.  
In this study we will be interested in the construction of a simplified reduced order model 
being able to correctly predict and explain the mechanism of a near-complete targeted energy 
transport from the excited chain to the absorbing one. To this extent we resort to the previously 
defined concept of ‘effective particle’ [32] introduced to model momentum transfer during pulse 
propagation in homogeneous granular chains of finite or infinite extent. To this end, taking 
separately the sum of the responses of all beads of the excited and absorbing chains in (2.10), we 
obtain, 
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(2.11) 
where each summation is with respect to the index  , where   = 1,2, …, defining the ordering of 
the beads in the excited and absorbing chains. At this point we define the coordinates of the two 
effective particles of system (2.10) as follows: 
   1 nu t x t ,         2 nu t y t                                        (2.12) 
As pointed out in [32], these new coordinates follow the dynamics of the center of mass of the 
chains as pulses propagated through them. Upon substituting (2.12) into (2.11) yields the system 
of coupled effective particles, 
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(2.13) 
where, 
 1( ) 2 ( )n nG t u t x t   
                                                 
(2.14) 
In order to simplify further the analysis, we now make the important assumption that due 
to the compacton-like localization of the propagating pulses considered in the coupled granular 
chains (i.e., the fact that these pulses have compact support, extending over only a limited 
number of beads), the collective effect of the spatial variation of the stiffness of elastic 
foundation of the excited chain can be modeled as if it is a single oscillator with a slowly, 
monotonically varying (decreasing) stiffness. Hence, we introduce the following approximation,
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(2.15) 
which enables us to approximate the time-dependent term ( )G t  in terms of the coordinate of the 
effective particle of the excited chain. To achieve the representation (2.15), we replaced the 
discrete spatial variation of the elastic foundation of the excited chain n , by the continuous 
temporal variation  1t . Then, the system of effective particles (2.13) reduces to the following 
approximate form: 
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(2.16) 
The function  1t  is chosen to model the stiffness variation in time, and depends on the 
new time scale 1t . The quite natural question to be asked is how the time and space 
representations of the variation (decrease) of the elastic foundation of the excited granular chain 
will correlate in (2.16). The answer can be found by considering elements from the theory of 
discrete breathers propagating in granular media with stratified potentials. Recently Starosvetsky 
et al. [17] were able to formulate an analytical approximation for the propagation of breather 
solutions in this type of media. Using this result we can estimate the time it takes for the 
propagating signal (the localized breather) to propagate the distance between two beads of the 
granular lattice. It is precisely this time estimate that we designate as the characteristic time step 
that is needed for the construction of the function  1t . In Figure 2.21 we depict the correlation 
between the spatial and temporal dependencies of the stiffness variation that we realize for such 
an analysis. Here the discrete reduction of the stiffness parameter in space (i.e., as the pulse 
propagates between two neighboring beads of the excited granular chain), can be approximated 
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by a continuous function of the same stiffness parameter in time (e.g., the time-varying stiffness 
of the effective particle of the excited chain). This paves the way for analytical treatment of the 
nonlinear dynamics and predictive design. 
Figure 2.21. Correlation between the discrete (exact) and continuous (approximate) spatial and 
temporal dependency of the substrate stiffness variation of the excited granular chain. 
 
 In summary, using the concept of effective particle we have attempted to model the 
intrinsic strongly nonlinear dynamics of the system (2.10) of coupled granular chains in terms 
the reduced-order model (2.16) consisting two weakly coupled linear oscillators with a time 
dependent parameter. In turn, the reduced-order model can support a macroscopic analogue of 
the linear Landau-Zener tunneling in time, which is key for realization of passive wave 
redirection in this system. That is, by appropriate design of the stiffness detuning parameter 
 12 t  we will be able to achieve targeted and irreversible energy transfer from the excited to 
the absorbing effective particle (oscillator) in (2.16); in turn, by inversing the previous 
transformations we will demonstrate irreversible targeted energy transfer in space for the full 
model (2.10). In effect, this will amount to passive pulse redirection in the considered network of 
coupled granular chains.  
k1 
Bead index / Time 
Discrete variation (exact) 
Continuous variation (approximate) 
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 The validity of the reduced-order model (2.16) together with corresponding numerical 
investigations, will be presented later. In the remainder of this section we analyze the dynamics 
of the reduced model with an applied initial impulse applied to the excited 1u   oscillator 
(effective particle for the excited chain) and with the 2u oscillator (effective particle of the 
absorbing chain) designated as the absorbing oscillator. Introducing the notation 0 t   in (2.16) 
we express this system in the form: 
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(2.17) 
In equation (2.17), the variables 1u  and 2u  denote the normalized responses of the excited and 
absorbing oscillators, respectively and   defines the strength of the linear coupling between the 
two oscillators. The coefficient   21 12       defines the detuning modulation parameter, 
with 
2  characterizing the rate of resonance crossing, and   the strength of the foundation 
stiffness of the excited oscillator in its initial stage of detuning in terms of the characteristic time 
scale 1 .  
 To formulate an asymptotic analysis, the solution of the second equation in (2.17) is 
expressed in the following integral form, 
65 
 
     
 
     
   
0
0
2
2 0 2 0 0 1 00
1
1 00
0 1
0 cos sin 2 sin
2 sin
u
u u u s s ds
u s s ds


     
 
  
      
  



(2.18) 
where the initial conditions    1 1 00 0, 0u u V   and    2 20 0, 0 0u u   were assumed, and 
 
1/2
1 2   . Now, substituting (2.18) into the first of equations (2.17) we derive the 
following linear integro-differential equation with a time-dependent coefficient for 1u : 
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(2.19) 
Hence, we are able to reduce the problem to a single integro-differential equation for 1u  with a 
parametric term. 
 The asymptotic analysis of (2.19) has been carried out with the help of the CX-A 
technique introduced earlier in this Dissertation. To do so we impose again a condition of 1:1 
resonance (i.e., we assume that all beads of the two chains oscillate with approximately the same 
‘fast’ frequency and perform slowly modulated oscillations), and introduce the new complex-
conjugate variable pair, 
*
1 1 1 1,u iu u iu                                                        (2.20) 
where, again asterisk represents complex conjugate and   = (−1) / . From (2.20), we can 
represent 1u  and 1u  in terms of the complex variable  , with initial condition 
     1 1 00 0 0u iu V    . Expressing (2.19) in terms of   we obtain the complex 
integro-differential equation: 
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        0* 2 1 2 *1 00
0
2 , , sin
d
i i i s s s ds
d

             

          
           
(2.21) 
Now, we analyze the asymptotic approximation of (2.21) employing the method of multiple 
scales, by introducing the fast time scale 0  and the slow time scale 1 0  . Applying the 
asymptotic analysis we express the dependent complex variable in the asymptotic series form, 
     0 0 0 1 1 0 1, , , ...              , which upon substitution into (2.21) and expression 
of the time derivatives by the chain rule with respect to the two new time scales yields an 
hierarchy of problems at the different orders of approximation. 
 Considering the leading-order  1/ 2O   problem we obtain the following solution, 
expressed as a fast oscillation modulated by the slowly-varying envelope  0 1,   : 
   0 0 0 0 1 0
0
0 , expi i

     


   

                         (2.22) 
As in the previous derivation, the above representation represents a slow-fast partition of the 
dynamics in the form of a ‘fast’ oscillation  0exp i  with (fast) frequency   modulated by 
the slowly varying envelope  0 1,   . This envelope is evaluated by considering the  3/ 2O   
subproblem, 
        0* 1 2 *01 1 1 0 0 0 0 00
0 1
2 , , sini i i s s s ds

            
 
             
    
(2.23) 
which, taking into account (2.22), is expressed as follows: 
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       
    
      
0
0
*0 1
0 0 1 0 1 0 0 0
1 0
1 2
0 0 2 00
*
2 0 0 0 2 0
0
exp exp exp 2
, 1 exp 2
exp 2 , 1 exp 2
i i i i i i
i s ds
i i s ds


 
        
 
      
      

 
           
       
      

    
(2.24) 
Finally, suppressing secular terms in (2.24) we obtain the following slow flow equation, i.e., the 
complex modulation equation governing the envelope  0 1,    of the  1/ 2O   approximation 
(2.22): 
     
   
0 1
1
1 2 1 20
1 0 0 0 00 0
1
2 1 20
1 0 00
1
, ,
2 ,
d
i ds r dr
d
d
i r dr
d
 


            


        

 

            
    
 

      (2.25) 
Alternatively, the slow flow (2.25) can be rewritten as the following complex second-order 
differential equation, 
   
2
2 1 2 20 0
1 02
1 1
2 2 0
d d
i i
d d
 
       
 
     
                          
(2.26) 
which represents the slow flow of the excited oscillator. To compare the slow flow equation 
(2.26) with the full model (2.17), first we numerically integrate the full model with the 
prescribed initial conditions (corresponding to an initial impulse of intensity 0V  applied to the 
excited chain), and also simulate (2.26) with the corresponding initial conditions  0 00 ,V   
and 
 
 0 0
1
0d
i V
d

  

   . We note that (2.26) provides an approximation of the slow flow of 
the excited oscillator (effective particle); later we show how based on this result we can compute 
the slow flow of the absorbing oscillator as well. 
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In Figure 2.22 we depict the responses of the oscillators of the system of effective 
particles (2.17) with parameters 0.53, 1.35, 0.05, 1.05       , where the excited 
oscillator is forced by an initial impulse of intensity 0V , with 0 1V  . From this result it is clear 
that as time progress, the response of the excited oscillator decreases, and simultaneously the 
response of the absorbing oscillator increases; hence irreversible passive targeted energy transfer 
occurs following the LZT effect. Note, however, that in the analysis in terms of effective 
particles the LZT effect is realized in time; as shown below, translating the analytical predictions 
of the reduced model back to the exact system, the corresponding LZT effect is realized in space, 
which is key for realizing passive pulse redirection from the excited to the absorbing chain. 
 
 
Figure 2.22. LZT effect in time for the reduced model of effective particles: Velocities of the 
excited and absorbing effective particles based on the full model (2.17) for an initial impulse 
applied to the excited oscillator and gradually decreasing its elastic foundation. 
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 Considering the responses of Fig. 2.22 we note that initially the two effective particles are 
in 1:1 resonance (as evidenced by their nearly equal oscillation frequencies and the clear 
nonlinear beat developing at earlier times), but with increasing time and the gradual decrease of 
the elastic foundation of the excited oscillator there occurs escape from the regime of 1:1 
resonance. As a result, the nonlinear beating phenomenon is gradually interrupted and the energy 
transferred from the excited to the absorbing oscillator is localized permanently to that oscillator. 
 
Figure 2.23. Comparison between the exact and slow flow models for the effective particle of the 
excited chain. 
To get a comparison of this result with the previously derived theoretical slow flow 
model we numerically integrated (2.26) and computed an analytical approximation of the 
response of the excited effective particle through relations (2.20) and (2.22). In Figure 2.23, we 
compare the exact numerical response of the excited oscillator depicted in Figure 2.22 with the 
theoretically obtained response based on the slow flow model (2.26). Good agreement is noted 
between the exact and the analytical model, especially at early times where the major part of the 
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impulsive energy gets transferred from the excited to the absorbing chain in an irreversible 
fashion. This clearly demonstrates that the theoretical model can fairly capture the exact 
nonlinear transient dynamics and the governing LZT effect in time. 
 Moreover, based on the previous analysis further insight can be gained for the LZT 
energy transfer in the initial, highly energetic stage of the dynamics of the granular network. 
Based on the previous asymptotic analysis and the transformations we derive the following 
leading-order approximation for the excited effective particle (oscillator): 
             
             
   
*
10 0 1 0 1 0 0 1 0 0 1 0 1
*
10 0 1 0 1 0 0 1 0 0 1 0 1
1 0 1
, exp exp sin
2
, exp exp cos
2
arg
i
u i i
u i i

             

             
   
         
        

  
(2.27) 
Hence, we can express the equation for the slowly-varying partial energy of the excited oscillator 
as follows: 
   
22 2
10 1 10 10 0 1
1
2 2
e u u

                                                 (2.28) 
However, for small values of the slow time 1  (i.e., in the critical initial phase of the LZT effect 
during which passive targeted energy transfer occurs) the slow-flow envelope can be 
approximated directly from the slow flow (2.26) by taking into account the initial conditions 
[31]. 
To get similar analytical approximations for the absorbing oscillator (effective particle) 
we need to extend the previous slow flow analysis. To this end, from the second of equations 
(2.17) we can approximate the governing equation for the absorbing oscillator as, 
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 
2
22
2 102
0
2
d u
u u O
d
  

                                                (2.29) 
with initial conditions    2 20 0, 0 0u u  . Again we apply the CX-A method, by introducing 
the complex variable 2 2y u iu  , and transforming (2.29) to the following complex ordinary 
differential equation: 
*
0
dy
i y i
d
   

                                                       (2.30) 
Again we use a similar multiple scales asymptotic analysis and represent the complex variable as 
     0 1 0 0 1 1 0 1, , , ...y y y            . The leading-order approximation is then evaluated 
as, 
   0 0 1 0expy i                                                      (2.31) 
where the slowly-varying complex envelope is governed by the following slow-flow equation for 
the absorbing oscillator: 
 0 0 1
1
i

 


 

                                                       (2.32) 
For sufficiently small values of the slow time    the solution of (2.32) for zero initial conditions 
can be approximated as  0 1 0 1i V      , yielding the following leading-order 
approximation for the response of the absorbing oscillator: 
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                
   
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        

   
(2.33) 
 In Figure 2.24, we compare the exact response for the absorbing effective particle 
computed by numerically integrating system (2.17) with the theoretical approximation (2.33). At 
the earlier stage of the dynamics, there is close correspondence between the two models; 
however, with progressing time the theoretical response of the absorbing oscillator deviates from 
the exact response. Two important factors play an important role for this deviation. First, in the 
asymptotic analysis of the absorbing oscillator, we only considered the leading-order term. 
Moreover, the slow flow approximation of the absorbing oscillator is dependent on the 
corresponding approximation of the excited oscillator, which, however, is in itself approximate. 
Based on the approximation (2.33) we can estimate the instantaneous energy of the absorbing 
effective particle as follows, 
   
22 2
20 1 20 20 0 1
1
2 2
e u u

                                              (2.34) 
which leads to the following early-time approximation: 
   
2
20 1 0 1
2
e V

                                                        (2.35) 
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Figure 2.24. Comparison between the exact and slow flow models for the effective particle of the 
absorbing chain. 
 
 Interestingly enough, using the analytical approximations (2.26), (2.34) and (2.35) we can 
estimate the slow time instant 
*   [31] when equi-partition of energy between the excited 
and absorbing granular chains occurs, i.e., when  *10e  =  *20e  . This time instant is 
analytically approximated as: 
 
*
22
1

  

 
    (Energy equi-partition)              (2.36) 
In the next section we will compare the estimate (2.36) to the exact value derived by considering 
the instant of energy equi-partition from direct numerical simulations of the original equations 
(2.10). 
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2.3.3 Numerical verification 
A series of numerical simulations for the discrete system of coupled granular chains (2.10) was 
performed in order to verify the analytical predictions based on the asymptotic analysis and the 
models of effective particles (2.17) of the previous section.  
 
Figure 2.25. Velocity profiles of the first 100 beads of the (a) excited and (b) absorbing granular 
chain (starting from the 6th beads) of system (2.10) after gradual reduction by 22%  of the elastic 
foundation of the excited chain starting from the left (free) boundary and applied over the 
leading four beads. 
As shown in the previous section, in order to realize the LZT effect in space (leading to 
passive targeted energy transfer from the excited to the absorbing chain) it is necessary to 
gradually decrease the stiffness coefficient of the elastic foundation of the excited chain in space, 
while keeping the elastic foundation of the absorbing chain and the coupling stiffness uniform. 
Based on the previous theoretical predictions, for a decrease of the elastic foundation of the 
(a) 
(b) 
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excited chain at a rate of 2 21 02 2     the peak-to-peak (normalized) time delay for the 
propagating breather is 0 8.88  . Hence, the required gradual spatial reduction rate of the elastic 
foundation of the excited chain should be approximately 22%  over the leading 4 beads of the 
excited chain. The results of the numerical simulation of the system (2.10) for parameters 
0.05, 10, 1.05      and impulsive excitation 0V , with 0 1V  , applied to the excited chain 
are shown in Figure 2.25; in that Figure we plot the velocity profile of each bead (starting from 
bead 6) both for the excited and absorbing chains. According to the previous discussion the 
elastic foundation of the excited chain was reduced by 22% over the leading 4 beads; this was 
performed by setting 1 2 3 40, 0.247, 0.494, 0.741, 0.988n          for 5n   in (2.10). 
We can clearly observe the targeted energy transfer to the absorbing chain due to the LZT 
effect. It follows that these results numerically confirm the theoretical prediction that appropriate 
spatial variation of the foundation of one of the two chains lead to passive targeted energy 
transfer, or pulse redirection from the excited to the absorbing chain. In Figure 2.26 we present 
the same response in a space-time diagram where contour plots of the total instantaneous 
energies of the beads of the two granular chains are depicted, with bright shades corresponding 
to high, and dark shades to low energy levels. From these results the passive energy redirection 
from the excited to the absorbing chain is clear. One can also observe that there are regions of 
oscillating tails in the trail of the propagating primary pulses in the absorbing chain appearing as 
secondary propagating waves. These correspond to strongly nonlinear waves with collisions 
between neighboring beads and scattering (radiation) of impulsive energy from low to high 
frequencies [7,12,14]. 
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(a) 
 
(b) 
Figure 2.26. Space-time representation of targeted energy transfer and passive pulse redirection 
due to LZT effect in the system of granular chains (2.10): (a) Contour plots, (b) detail. 
Oscillating tails 
Primary pulse 
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In Figure 2.27, we provide the time series of the total instantaneous energies of the 
excited and absorbing chains for the same response. We note that as time progresses the total 
energy in the excited chain decreases and at the same time the total energy in the absorbing chain 
increases. At normalized time * 20   there occurs energy equi-partition between the two chains, 
compared to the theoretically predicted value of 
* 19.88   using the analytical expression 
(2.36). After that time instant, most of the input energy remains localized in the absorbing chain 
while the part of total energy that retains in the excited chain is small. It is interesting to note that 
passive energy transfer occurs at a rather fast-scale in the site of the leading 4 beads of the 
excited chain where the elastic foundation is gradually reduced. Furthermore, in Figure 2.28 we 
compare the response of the slow-flow envelope obtained from (2.26-2.27) with the direct 
numerical simulation of the exact equations of motion of the system of coupled granular chains 
(2.10); by asterisks we denote the maximum velocity of each bead realized during the 
propagation of the breather solution in the excited chain. 
 
 
Figure 2.27. Variations of the total instantaneous energies of the excited and absorbing chains. 
Gradual reduction 
of elastic foundation 
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From this comparison we note that the theoretically predicted slow-flow dynamics fairly 
captures the envelope of the exact breather solution in the critical initial stage of strong passive 
targeted energy transfer. The reason for the discrepancy between the theoretical prediction and 
the exact numerical solution is due to the fact that the theoretical prediction takes into account 
only the leading-order approximation of the asymptotic analysis. It is well known that such a 
leading-order approximation can accurately model the transient response at early times, so the 
correlation between theory and numerical simulation can be further improved over longer time 
intervals by adding higher-order terms in the asymptotic analysis of the effective particle of the 
excited granular chain. 
 
Figure 2.28. Comparison between the slow-flow prediction (2.26) and the direct numerical 
simulation of the exact system (2.10) for the excited chain; asterisk denotes the maximum 
velocity of each bead (except for the first bead). 
 Finally, to clearly visualize the LZT phenomenon in space caused by the stratification of 
the elastic foundation of the excited chain, instead of applying the stratification over the leading 
four beads, we stratify the elastic foundation of the excited chain after the 24th bead and, again, 
79 
 
over four beads, where due to the nonlinear beat phenomenon the response in the excited chain 
attains a maximum and the response of the absorbing chain a minimum (the same system and 
forcing parameters as in the previous simulations depicted in Figures 2.25-2.28 were used for 
this simulation). 
 
           (a)                                                          (b) 
Figure 2.29. Space-time representation of passive targeted energy transfer due to LZT effect in 
the system of granular chains (2.10): (a) Excited chain, (b) absorbing chain, with a spatial 
decrease rate by 22% of the elastic foundation of the excited granular chain starting at the 24th 
bead and extending over the next four beads. 
The result is shown in Figures 2.29 and 2.30 for a reduction rate of 22% of the elastic 
foundation of the excited chain over four beads; for this simulation the following values for the 
Stratification of elastic 
foundation begins 
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detuning stiffness coefficients of the excited chain were used in (2.10):
25 26 270, 1,..., 24, 0.247, 0.494, 0.741, 0.988, 28p np n           . We note that 
before the stratification is applied, nearly complete and recurring exchange of energy between 
the two chains occurs. However once the stratification is applied, the LZT effect takes place, the 
energy is passively redirected to the absorbing chain and remains localized there. We note the 
sudden and fast targeted energy transfer to the absorbing chain, indicating the feasibility of the 
proposed energy redirection mechanism in practical material designs. 
 
Figure 2.30. Exact responses of the leading 100 beads in the excited chain after gradual reduction 
of the elastic foundation starting at the 24th bead, and comparison with the leading-order slow-
flow envelope (2.26). 
2.3.4 Summary 
In this Section, we have discussed nonlinear dynamical mechanisms governing the irreversible 
energy transfers in weakly coupled granular networks leading to passive wave redirection. In 
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particular, we considered two homogeneous granular chains mounted on linear elastic 
foundations and coupled by weak linear stiffnesses, and showed both theoretically and 
numerically that efficient targeted energy transfer is possible from the directly excited chain to 
the absorbing one by two different dynamical mechanisms.  
The first mechanism is based on interrupting the coupling stiffness between the two 
chains at an appropriate phase of the developing nonlinear beat phenomenon, i.e., at the phase 
when maximum energy exchange occurs between chains. The second mechanism relies on the 
realization of a macroscopic analogue of the Landau-Zener tunneling quantum effect in space. 
This is achieved by appropriately varying the stiffness of the elastic foundations of the coupled 
chains so that conditions of resonance energy transfer are developed in order to transfer energy 
from the excited to the absorbing chain, and then escape from resonance occurs in order to 
confine (localize) the transmitted energy to the absorbing chain without possibility for back 
scattering. Interestingly enough, prerequisites of passive pulse redirection are the condition of 
1:1 resonance and the realization of propagating breathers with a certain phase difference (time 
delay) in the two coupled granular chains. 
The analysis presented in this work fully reveals (at least to leading order) the nonlinear 
dynamics that governs these two distinct energy transfer mechanisms, and paves the way for 
predictive designs for practical implementations of these mechanisms in highly discontinuous 
metamaterial systems with embedded granular media with inherent passive energy redirection 
properties. 
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CHAPTER 3 
GRANULAR ACOUSTIC METAMATERIALS 
It is evident from the results of Chapter 2 that strongly nonlinear ordered granular arrays can be 
designed for energy redirection and/or frequency redistribution, and they exhibit interesting 
intrinsic dynamics, such as energy equi-partition, nonlinear beats, travelling waves, and standing 
or propagating breathers (see also [1–5]). However, the coupled granular media considered up to 
now were unsupported by any type of connecting medium; yet, practical implementations of 
granular media in acoustic metamaterials will ultimately require the embedding these structures 
into some form of supporting elastic medium or matrix. Hence, in this chapter, we consider this 
type of discontinuous acoustic metamaterials consisting of single or multiple granular chains 
embedded in a matrix, and present experimental studies of the dynamics of this type of 
metamaterials. The aim of this study is to (i) better understand the effect of the embedding elastic 
matrix on the strongly nonlinear acoustics of these media; (ii) study energy transfers between 
closely spaced embedded granular chains; (iii) develop predictive designs for designing such 
type of metamaterials for efficient energy redirection; and (iv) study acoustic pass and stop-
bands, and propagating breathers in embedded chains. After describing the experimental fixture 
and discussing the experimental tests and results, we develop a mathematical model that captures 
pulse transmission in these systems. This model is validated with experimental measurements 
and then employed for predictive design. 
3.1 Design and fabrication of experimental samples 
A set of experimental samples was fabricated for the tests. In all cases the granular chains 
consisted of 11 spherical granules (beads) composed of type 302 stainless steel (McMaster 
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Carr®, 9291K31) of common diameter equal to 9.5 mm embedded in a material matrix in one of 
two different configurations; namely, single-chain configurations (cf. Figure 3.1a) and coupled-
chain configurations (cf. Figure 3.1b). Three different matrices were considered in the 
experiments, Poly-di-methyl-siloxane (PDMS), polyurethane and geopolymer [6,7], with 
detailed material descriptions provided below.  
For the case of coupled-chain configurations, each system consisted of two granular 
chains, fabricated with their centerlines spaced at a fixed distance, one designated as the ‘excited 
chain’ and the other as the ‘absorbing chain.’ Each granular chain was composed of a series of 
identical spherical steel beads in contact and no applied pre-compression, embedded in any of 
the aforementioned elastic matrices. As described below, special care in the fabrication process 
was taken to ensure a constant gap (filled by elastic matrix) between the two granular chains of 
each sample. 
To study the energy transfer features and the acoustic properties of the coupled chains as 
functions of their interspatial distance (or ‘lateral gap’), coupled chains with different centerline 
distances were fabricated and Poly-di-methyl-siloxane (PDMS, Dow Corning® Sylgard® 184) 
elastic matrix was used to embed each granular chain. The PDMS was selected as the matrix 
material since its mechanical properties have been well studied [8,9]. The PDMS was a silicon 
elastomer synthesized by mixing a polymer base and a binding agent in 10: 1 ratio. Since the 
varying ratio of the two components changes the mechanical properties of PDMS, the 10:1 ratio 
was fixed for all of the samples fabricated for the present study [9]. The base and curing agents 
were mixed for 5 minutes during which air bubbles were created inside the PDMS matrix. 
Accordingly, the PDMS matrix was placed in a desiccator under 580 torr (0.67 atmosphere) 
vacuum for 20 minutes in order to degas it before pouring it into the mold.  
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For each chain of each sample, its 11 stainless beads were aligned and fixed in the one-
dimensional mold. As the stainless steel beads were conductive, in order to ascertain that contact 
between all neighboring granules of the embedded chains was achieved in the fabrication stage, 
we measured the electrical resistance of each of the embedded chains with a digital multi-meter 
to verify continuity (contact) of the conductive granules. By doing so, we ensured that the 
nonlinear Hertzian law of granule-to-granule interaction was realized in each sample. This 
requirement was important, since any gaps between granules of the same chain would lead to 
significant perturbations of the measured granular dynamics. The degassed PDMS matrix was 
then poured into the mold and cured at room temperature for 48 hours. Higher curing 
temperatures were avoided as stainless steel beads were expected to expand at high temperature, 
which would result in subsequent misalignment in the mold, and, hence, the embedded granular 
chains. 
After the exciting and absorbing chains were fabricated separately, they were joined 
laterally. Three separate samples were prepared corresponding to lateral gaps (filled by PDMS 
matrix) between the two chains equaling 0.5, 1.5 and 2.5 mm, respectively. The uncured PDMS 
adhesive method was adopted in order to fill the lateral gaps between the cured PDMS chains 
and provide the highest bond strength without recourse to any special surface treatments [10,11]. 
The PDMS adhesive layers filling the separation gaps were cured also in room temperature for 
48 hours, again in order to avoid thermal expansion and misalignment of the stainless steel 
beads. Finally, the sample was wrapped with cello tape and multi meter measurements of both 
the excited and absorbing chains again verified that each bead of each chain of every sample 
remained in contact with its neighboring beads. 
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Schematic diagrams of the experimental samples are depicted in Figure 3.1. As 
mentioned above three samples of coupled embedded chains were fabricated with lateral gaps 
equaling 0.5, 1.5 and 2.5mm. The sample embedded in PDMS matrix with single embedded 
chain (cf. Figure 3.1a) and the sample of coupled embedded chains (cf. Figure 3.1b) (with 
0.5mm lateral gap between the two granular chains) are presented in Figure 3.1. 
 
 
(a)                                                                  (b) 
Figure 3.1. Experimental samples used in the tests: (a) Single chain embedded in PDMS matrix 
and corresponding schematic diagram, (b) coupled chains embedded in PDMS matrix with fixed 
lateral gap equal to 0.5 mm and corresponding schematic diagram. 
 
As mentioned above, polyurethane and geopolymer were also used as matrices for the 
granular chains. By doing so, we would like to study the effects of the matrix properties on the 
pulse propagation and energy exchange phenomena between coupled chains, and to confirm the 
robustness of these highly nonlinear responses in this highly discontinuous class of acoustic 
metamaterials. However, only samples of coupled chains with lateral gaps equaling 0.5mm were 
fabricated with polyurethane and geopolymer matrix. The polyurethane (74-55, Polytek®) was 
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manufactured similarly to PDMS by mixing two components in a 4:1 ratio. The polyurethane 
was cured in 24 hours at room temperature, and was a dimensionally stable, firm rubber. The 
geopolymer was an inorganic polymeric material composed of alkali metal oxides, silica and 
alumina. In the present study, the short carbon fiber reinforced potassium geopolymer was used 
to form the matrix. In contrast to traditional ceramic processing involving powder synthesis, 
calcination and sintering, the synthesis of geopolymer was a simple process of mixing a liquid 
waterglass solution and metakaolin, similar to the PDMS and polyurethane [12]. 
The mechanical properties of these materials should be considered in order to understand 
the matrix effect in the dynamics of embedded granular chains. The typical elastic moduli of 
PDMS and polyurethane are 1.2 MPa and 25 MPa, respectively. In addition, the elastic modulus 
of the short carbon-fiber reinforced geopolymer composite was measured by impact excitation to 
be 14 GPa, which was much lower than that of alumina (350 GPa). The hardness of PDMS, 
polyurethane and geopolymer were 43 and 55 as measured by a durometer, shore A and 450 
MPa according to the Vickers hardness test. The low viscosity of the liquid phase of the 
embedding materials allowed us to embed the granular chains in the matrices accurately. 
3.2 Primary pulse transmission in embedded granular chains 
In this section, we present an experimental study of primary pulse transmission in coupled 
ordered steel granular chains embedded in PDMS elastic matrix. For this study we consider 
impulsive excitation of one of the chains of the granular system and study the transient energy 
transfer to the absorbing chain. In Section 3.3 we will extend this study by considering the steady 
state responses of single or coupled embedded granular chains under harmonic excitation. 
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As mentioned in Section 3.1, two granular one-dimensional chains are considered in the 
study (an ‘excited’ and an ‘absorbing’ one), each composed of 11 identical steel beads of 9.5mm 
diameter with the centerline of the chain spaced at fixed distances of 0.5mm, 1.5mm or 2.5mm 
apart. We directly force one of the chains (the excited one) by a transient pulse and measure, by 
means of laser vibrometry, the primary transmitted pulses at the end beads of both chains and at 
the first bead of the absorbing chain. It is well known that the dynamics of this type of ordered 
granular media is strongly nonlinear due, (i) to Hertzian interactions between adjacent beads, and 
(ii) to possible bead separations in the absence of compressive forces and ensuing collisions 
between neighboring beads. Accordingly, we develop a strongly nonlinear theoretical model that 
takes into account the coupling of the granular chains due to the PDMS matrix, with the aim to 
model primary pulse transmission in this system. After validating the model with experimental 
measurements, we employ it in a predictive fashion to estimate energy transfer between chains as 
a function of the interspatial distance between chains. Furthermore, based on this model we 
perform predictive matrix design to achieve maximum energy transfer from the excited to the 
absorbing chain, and provide a theoretical explanation of the nonlinear dynamics governing 
energy transfer (including energy equi-partition) in this system. 
3.2.1 Experimental tests and results 
The experimental fixture used to perform the experiments is shown in Figure 3.2a. Each sample 
was placed on top of a Teflon sheet and apart for its bottom face in all other faces of the sample 
there exist traction-free boundary conditions. At the bottom face friction forces between the 
PDMS enclosing matrix and the Teflon base are generated. An impulsive excitation was applied 
to the first bead of one of the chains, which is referred to as the ‘excited chain,’ whereas the 
other chain was initially at rest and designated as ‘absorbing chain.’ The excitation mechanism 
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consisted of a spring-flexure cantilever system with a bead at its end. This provided the required 
input force pulse to the embedded excited chain. The entire fixture was clamped to an optical 
table and two laser vibrometers were used to measure the velocities in the axial direction of the 
end beads of the excited and absorbed chains, as well as the velocity of the bead of the excitation 
system (see Figure 3.2b). Laser vibrometer 1 was used to measure the velocity of the end bead of 
the excited granular chain, whereas laser vibrometer 2 measured the end velocity of the end bead 
of the absorbing one. Moreover, we measured the velocity of the first bead of the absorbing 
chain; this was not possible with the first bead of the excited chain due to the presence of the 
impacting bead of the excitation mechanism. However, by means of laser vibrometry we could 
directly measure the velocity of the impacting bead of the excitation mechanism (flexure), and 
based on this measurement we could infer the applied velocity pulse to the excited chain of the 
sample; this was important for comparing the experimental measurements with the theoretical 
model derived below (Section 3.2.2). These measurements were performed by placing a laser 
vibrometer on the opposite side of the sample compared to their positions shown in Figure 3.2b. 
We note that due to the nature of the problem these are the only possible non-contacting 
measurements that can be performed in the samples under consideration with the available 
experimental apparatus. This implies that pulse propagation in these matrix-embedded coupled 
granular media can only be experimentally studied by measuring the end bead responses of the 
excited and absorbing chains, and the response of the first bead of the absorbing chain. 
It is well known [13–24] that in a one-dimensional homogeneous ‘dry’ (i.e., not embedded 
in elastic matrix) granular chain with Hertz-type interaction law, forced by an impacting bead a 
propagating solitary wave is formed with its width being approximately five beads irrespective 
of its amplitude [25]. Hence, it can be characterized as ‘compacton’ [17] given its finite compact 
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support. However, the profile of the generated pulse in the chain is affected by the geometrical 
and  material properties of the impacting bead, with the possibility that the solitary wave may 
 
 
(a) 
  
(b) 
Figure 3.2. Experimental setup for testing the samples under impulsive excitation: (a) Sample on 
the optical table with the excitation mechanism; (b) the system of two laser vibrometers used to 
measure the velocities of the end beads of the two granular chains of each sample. 
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disintegrate into a train of solitary waves or oscillations [14,26–28]. To avoid such phenomena, 
the impacting bead of the excitation mechanism had a mass which was identical to the mass of 
each of the beads of the embedded granular chains.  
Two levels of excitations were considered, designated as ‘low’ and ‘high’ excitations. In 
every case, the levels of the input excitations were sufficiently small to avoid rigid-body motion 
of the sample, i.e., relative motion of the sample with respect to its Teflon base. From direct 
experimental measurement of the velocity of the impacting bead through laser vibrometry, the 
low input velocity impulse was measured at approximately 0.29 / secm , and the high input level 
at 0.41 / secm . Typical measurements of the velocity of the impacting bead are depicted in 
Figure 3.3. We note that the low and high impulse excitations could be reproduced reliably 
through the described excitation mechanism: In each case we simply displaced the impacting 
cantilevered bead by a fixed amount (which was larger in the case of the high impulse 
excitation). 
Applying an initial impulse to the first bead of the excited chain, it is expected that a 
pulse will propagate through the excited granular chain. In this study we will be interested only 
in primary pulse transmission, i.e., only in studying the propagation of the generated primary 
pulses through the excited and absorbing granular chains, and not on secondary scattering of 
these pulses once they encounter the right boundaries (end beads) of the chains. Moreover, we 
expect that, in spite of the fact that the impulsive excitation is applied to only one of the granular 
chains (the excited one), there will be energy transfer and pulse propagation in the other chain as 
well (the absorbing one) due to the coupling between chains provided by the PDMS elastic 
matrix; such energy transfers between coupled granular chains have been theoretically predicted 
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     (a) 
 
         (b) 
Figure 3.3. Laser vibrometer measurements of the velocity of the impacting bead of the 
excitation mechanism: (a) Low excitation level, (b) high excitation level; note the oscillations of 
the impacting bead after it impacts the first bead of the excited chain. 
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in Chapter 2 (see also [4]). In particular, it was shown that a weakly coupled array of granular 
chains is a medium in which an initially localized excitation may become gradually defocused 
resulting in drastic reduction of propagating pulses as they “spread” among the granular chains. 
As mentioned previously, to measure the responses of the two granular chains in the considered 
samples, we employed two laser vibrometers (see Figure 3.2b). Because of the limitations of our 
experimental equipment, we could measure the responses of only two beads at the same time. 
Hence, when testing each of the three samples, initially we measured the velocity profiles of the 
end beads of each of the two chains, and then we repeated the experiment at the same level of 
applied impulse and measured the velocity profiles of the first and end beads of the absorbing 
chain only. Such measurement is important in order to deduce the evolution of the primary pulse 
along the absorbing chain.  
Four different sets of experimental tests were carried out for granular chains embedded in 
PDMS matrix, one with a sample consisting of just the single embedded excited granular chain 
(i.e., without an absorbing one), and three tests with the three samples corresponding to coupled 
chains with the three different lateral gaps equaling 0.5, 1.5 and 2.5mm, as described in Section 
3.1. To ensure repeatability of the experimental results, at least 10 experimental trials were 
conducted for each of the two input levels of applied impulse excitation. As will be discussed 
below, these sets of experiments were carried out with the primary aim to study primary pulse 
transmission and nonlinear energy exchanges between the embedded excited and absorbing 
granular chains. The realization of energy transfers between the two granular chains was inferred 
by directly measuring the velocities of their end beads and applying appropriate theoretical 
modeling. Moreover, by examining three samples with different lateral gaps between chains we 
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aimed to study the dependence of primary pulse transmission and energy transfer on the different 
level of coupling between chains provided by the PDMS elastic matrix. 
 
(a) 
 
(b) 
Figure 3.4. Experimental velocity profile of the end bead of the single one-dimensional granular 
chain embedded in PDMS matrix: (a) Low excitation, (b) high excitation; at least 10 
experimental trials were performed at each input level to ensure consistency and repeatability of 
the results. 
0 0.2 0.4 0.6 0.8 1.0 1.2
-100
-50
0
50
100
150
200
Time(ms)
V
el
o
ci
ty
(m
m
/s
)
 
 
Excited Last Bead
0 0.2 0.4 0.6 0.8 1.0 1.2
-100
-50
0
50
100
150
200
250
300
Time(ms)
V
el
o
ci
ty
(m
m
/s
)
 
 
Excited Last Bead
Primary pulse 
Secondary pulses 
Effect of elastic foundation 
98 
 
In Figure 3.4, we depict the velocity profile of the end bead (i.e., the 11th bead) of the 
single one-dimensional excited granular chain embedded in a PDMS matrix for low and high 
levels of impulse excitation. The formation of a solitary-like pulse propagating through the 
embedded granular chain is clearly observed, followed by secondary pulses of smaller 
magnitudes. In the initial phase of primary pulse propagation the strongly nonlinear Hertzian 
interactions between beads dominate the dynamics, whereas in the lateral phase of secondary 
pulses the effects of the PDMS matrix become dominant (with the specimen oscillating in its 
entrirety, predominantly in its axial vibration mode). Indeed, the primary pulse can be regarded 
as perturbation by the PDMS matrix effects of the well-known Nesterenko solitary wave 
observed in the corresponding ‘dry’ homogeneous granular chain (with no matrix) theoretically 
predicted [25] and experimentally verified [13] in previous works. As the one-dimensional 
granular chain was embedded in PDMS matrix and the experiment was performed by placing the 
sample on top of a Teflon-sheet, the PDMS matrix is acting, in effect, as an elastic foundation so 
the solitary wave is perturbed. The effect of this effective elastic foundation is deduced from the 
negative velocity attained by the end bead immediately following the arrival of the primary pulse 
(see Figure 3.4a).  
We also carried out several other experiments, where we experimented with the effect of 
the elastic foundation on the primary pulse. In one set of experiments, we enhanced the effective 
elastic foundation by attaching the sample more rigidly to the Teflon-sheet base with the use of 
double-sided cello tape; in that case we observed a sharp reduction of the primary pulse 
amplitude due to the stronger effects of the elastic foundation on the dynamics. 
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Figure 3.5. Velocity profiles of beads in the sample with 0.5mm lateral-gap for the case of low 
impulse excitation: (a) End bead of the excited chain, (b) end bead of the absorbing chain, (c) 
first bead of the absorbing chain; at least 10 repeated tests are depicted in each result, and two 
separate tests were performed to obtain the results depicted in (a,b) and (c), respectively. 
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Figure 3.6. Velocity profiles of beads in the sample with 2.5mm lateral-gap for the case of high 
impulse excitation: (a) End bead of the excited chain, (b) end bead of the absorbing chain, (c) 
first bead of the absorbing chain; at least 10 repeated tests are depicted in each result. 
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Figure 3.7. Velocity profiles of beads in the sample with 1.5mm lateral-gap for the case of high 
impulse excitation: (a) end bead of the excited chain, (b) end bead of the absorbing chain, (c) 
first bead of the absorbing chain; at least 10 repeated tests are depicted in each result. 
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The test involving the uncoupled single one-dimensional embedded granular chain served 
as a base-line for the main series of experimental tests which was carried out with the three 
samples consisting of pairs of excited-absorbing granular chains. The experiments were 
performed at both low and high excitation impulses for all three samples. Figure 3.5 depicts the 
experimental results for the 0.5mm gap sample for low impulse excitation. Two separate tests 
were performed to derive the results presented in Figures 3.5a,b and 3.5c, respectively. In the 
second test we also measured the response of the last bead of the absorbing chain and confirmed 
that it matched exactly the response shown in Figure 3.5b. 
Focusing on the velocity waveforms of Figures 3.5a and 3.5b we note that the response of 
the end bead of the excited chain is higher than that of the end bead of the absorbing chain. 
Comparing, however, the magnitude of the primary pulse in Figure 3.5a to the corresponding 
pulse in Figure 3.4a, we deduce that a significant reduction of the pulse in the sample occurs; this 
is partly attributed to energy transfer from the excited chain to the absorbing one, and partly to 
energy scattering of the primary pulse in the embedding PDMS elastic matrix.  
Considering now the responses of Figures 3.5b and 3.5c depicting the velocity 
waveforms of the first and end beads of the absorbing chain, we can clearly note the build-up of 
the primary pulse in the absorbing chain, which as discussed in the next section is in agreement 
with previous studies on primary pulse transmissions in coupled granular chains [2,4] (this result 
will also be confirmed theoretically in Section 3.2.2). From these results we also observe that 
there is a time delay between the responses of end beads of the excited and absorbing chains; this 
is expected given the well-known dependence of the speed of a pulse propagating in a 
homogeneous granular chain on its magnitude [13,14,29]. We mention at this point that since the  
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(a) 
 
(b) 
 
(c) 
Figure 3.8. Velocity profiles of beads in the sample with 0.5mm lateral-gap for the case of high 
impulse excitation: (a) end bead of the excited chain, (b) end bead of the absorbing chain, (c) 
first bead of the absorbing chain; at least 10 repeated tests are depicted in each result. 
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granular system considered in this study is discrete, hence we use time delay (or shift) as the 
measure of the speed of propagation of the pulse instead of phase velocity (as in continuum 
system). This can be defined as the time difference between the velocity peaks of successive 
beads of a chain. From a theoretical perspective, the time delay is a valid measure describing the 
speed of a propagating solitary wave. By estimating the total time delay of the velocity peaks 
between the first and last beads of the experimental granular chain, we can get a measure of the 
speed of pulse propagation in that chain. 
These results indicate that initially the first bead of the absorbing chain gains energy with 
some time delay from the first bead of the excited chain. Then, the next bead of the absorbing 
chain gains energy both from its neighboring bead and from the excited chain through the 
coupling induced by matrix, and so on until the developed primary pulse reaches the end bead. 
These energy exchange phenomena are discussed in detail in Section 3.2.2.  
In Figures 3.6 – 3.8, we compare the responses of the three samples for the same high 
level of impulse excitation. Comparing these responses we note that the magnitude of the 
primary pulse measured at the end bead of the excited chain increases as the gap between the 
chains increases, whereas the corresponding magnitude of the pulse at the end bead of the 
absorbing chain decreases. These findings indicate that, as the lateral gap between the two chains 
increases, the effective coupling between the two chains decreases, and, hence, energy transfer 
from the excited chain to the absorbing chain is less profound. Now, if we compare the measured 
velocity primary pulse at the end bead of the excited chain for the four different experimental 
samples considered (i.e., the 2.5mm, 1.5mm, 0.5mm gap chains and the single one-dimensional 
chain), for the high level of impulse excitation (i.e., comparing Figures 3.4b, 3.6a, 3.7a and 3.8a), 
it is clear that the response of the end bead of the excited chain is higher for the case of the single 
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one-dimensional chain compared to all three lateral-gap samples. This clearly demonstrates the 
occurrence of energy transfer from the excited to the absorbing chain due to the coupling forces 
between chains induced by the PDMS elastic matrix; in fact, the closer the two chains are 
located, the higher the energy transfer is.  
A study of primary pulse propagation in the granular chains and its dependence on the 
lateral gap between chains is provided in the next Section 3.2.2 where a set of strongly nonlinear 
coupled oscillators theoretically modeling primary pulse transmission in the coupled granular 
chains is developed. After validating this model by matching the theoretical and experimental 
bead responses, we employ it for studying energy transfers between the chains and for predictive 
design of this type of metamaterial systems based on coupled granular media for pulse 
transmission and redirection. 
3.2.2 Theoretical modeling of primary pulse propagation 
For the theoretical modeling of the problem, we assume that initially all beads are in point 
contact with their neighboring beads and that no pre-compression exists in either granular chain. 
We assume that the characteristic time scale of bead-to-bead Hertzian interaction under 
compression is significantly higher than the characteristic time scale of elastic stress wave 
propagation in the interior of each bead, so that the later effect can be ignored due to time scale 
separation, allowing for the application of a quasi-static bead interaction law with constant value 
of elastic modulus. Moreover, we focus mainly on primary pulse transmission in the granular 
medium; therefore, the theoretical model should be capable of accounting and modeling for the 
strongly nonlinear bead interactions that dominate the transient dynamics during primary pulse 
propagation, but not necessarily of secondary scattering of the primary pulse after it encounters 
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the end of the medium or of axial vibrations of the sample when it oscillates as a whole after the 
primary pulse has scattered. 
Accordingly, we formulate the model of nonlinear coupled oscillators depicted in Figure 
3.9. Each chain consists of a number of identical, linearly elastic, spherical granular beads (11 
beads for this case) undergoing essentially nonlinear Hertzian interactions, with coupling 
between beads due to the embedding PDMS elastic matrix being accounted by additional 
stiffness and damping elements. It is well known that the local contact model accounting for 
dynamical bead-to-bead interactions plays an important role for the dissipation and dispersion of 
energy of propagating pulses in homogeneous granular chains. Indeed, the energy dispersion 
effect depends on the intrinsic nature of the interaction law between two particles during impacts 
[30,31]. In homogeneous granular chains, spatially localized waves propagate without distortion 
due to the counterbalancing of two effects, namely dispersion and strong nonlinearity due to 
Hertzian law interaction between beads.  
Proceeding with our theoretical model, we note that effects of bead rotation and dry 
friction are neglected. Furthermore, we assume that all beads of both chains are constrained to 
move in the horizontal direction, and that each bead within a chain is coupled (and, hence, 
exchanges energy) with only three adjacent beads of the other chain through linear shear springs 
(see Figure 3.9). Moreover, we assume that each granular chain is supported by a weak linear 
shear elastic foundation modeling the interaction of the experimental sample with its Teflon 
base. Accordingly, we denote by 1k , 2k  and 2k  (see below for the definition of parameter  ) 
the stiffness coefficients of the linear elastic foundations and the linear coupling elements 
between the two granular chains, respectively; and by   the coefficient of the axial coupling 
element between neighboring beads within each chain due to the effect of the surrounding PDMS 
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elastic matrix. As shown in the optimization study performed in the next section, it holds that 
1 2 2, , 1k k k  , so the chains are weakly coupled and there exist weak elastic foundations. 
Hence, in the theoretical model the strongly nonlinear Hertzian interactions between beads are 
expected to dominate the dynamics, so primary pulse propagation can be accurately modeled; 
moreover, by its very structure, the dynamics of the model is strongly nonlinear [2,32,33]. 
Finally, we designate the lower chain as the excited chain, and the upper chain as the absorbing 
one. 
Dissipative effects in bead-to-bead interactions and in the elastic matrix are modeled by 
linear viscous damping elements; this damping approximation has been found to be quite valid in 
modeling dissipative effects in primary pulse transmission in homogeneous granular chains [24]. 
In other studies, velocity relaxation of a viscous one-dimensional granular gas [34] was modeled 
by introducing viscous drag terms which depended on the velocities of individual particles. A 
dissipative term based on the relative velocities between granular particles was also introduced in 
[24,27,35,36]. To represent viscous dissipation in a one-dimensional lattice of mass points 
connected by nonlinear springs [37] dissipative dashpots were used to represent thus as mass-
spring-dashpot elements. 
The strongly nonlinear equations of motion of the system of coupled oscillators can be 
expressed in the following dimensionless form after some appropriate normalizations are 
introduced by diving both equations with the mass of an individual bead, 
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where 1, 2,...,n N , 0 0 1 1 0,    N Nx y x y  and 11N .  
In equation (3.1), the variables nx  and ny  denote the axial displacements of the n th  
beads for the excited and absorbing chains, respectively;   denotes the exponent of the contact 
stiffness between beads,   is a parameter defining the strength of the diagonal coupling between 
beads of different chains. As usual, the subscripts (+) in indicate that only nonnegative values in 
the parentheses should be taken into account, with zero values being assigned otherwise; this 
accounts for possible separations between beads that may occur in the absence of compression. 
Moreover, ( )H  denotes the Heaviside function. Finally, to model dissipative effects in the 
embedded granular chains due to inherent internal structural damping within the beads, small 
plastic deformations, frictional effects during bead-to-bead dynamical interactions or viscoelastic 
effects in the PDMS matrix we introduced three types of damping terms with coefficients 1 2,   
and 3 . The viscous damping coefficients 1  represents the interaction of the granular bead with 
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the embedding matrix, and 2  represents energy loss due to the coupling matrix between the two 
chains, and 3  models dissipation during Hertzian interactions between neighboring beads,. 
Moreover all dissipation coefficients are much smaller than unity so the system (3.1) is weakly 
dissipative. 
We assume that an impulsive excitation is applied to the first bead of the lower chain 
whereas the upper chain is initially at rest. In accordance to the experiment, the impulsive 
excitation was chosen as an instantaneous velocity applied to the first bead of the excited chain 
in order to simulate the velocity pulse induced by the bead of the excitation mechanism as it 
impacts the excited chain. 
  
Figure 3.9. Theoretical model for primary pulse propagation in two weakly coupled granular 
chains mounted on weak linear elastic foundations. 
 
In agreement with the experimental work reported in the previous section two levels of 
velocity impulse excitation were considered, a low level impulse corresponding to 
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1(0 ) 0.29 / sec x m , and a high level impulse with 1(0 ) 0.41 / sec x m ; moreover all other 
initial conditions of the beads of the two chains of the model are assumed to be zero at 0t . A 
vectorized, fourth-order Runge-Kutta time integration scheme was used to numerically compute 
the dynamics of system, and the results obtained from the numerical simulations were compared 
to the experimental measurements after the appropriate rescalings were introduced.  
Our aim for constructing the computational model and performing the numerical analysis 
was three-fold: (i) To validate the model by demonstrating that it can accurately predict and 
reliably reproduce the experimental measurements of primary pulse transmission in the tested 
samples; (ii) based on the validation achieved in (i) to provide quantitative estimates of energy 
exchanges between the excited and absorbing chains in the experimental tests after accounting 
for energy dispersion in the elastic matrix and energy loss due to the various dissipative 
mechanisms present in the experiment; and (iii) finally, to use the validated model to predict 
matrix design for enhanced energy exchanges between the excited and absorbing chains, with the 
eventual aim of pulse equi-partition or even pulse redirection between the coupled chains. We 
emphasize again that our study concerns only primary pulse transmission in the two chains, 
given that secondary scattering of the transmitted pulse by the boundaries introduces additional 
complex dynamics and flexible vibrations of the sample as a whole that cannot be captured by 
the simplified model of Figure 3.9. Hence, in the following we will exclusively focus on primary 
pulse transmission in the coupled granular system and ignore the dynamics following this 
primary pulse propagation. 
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Figure 3.10. Points on the experimental and simulated primary pulses used for the definition of 
the objective function f  for the optimization study. 
We have carried out an optimization study to identify the parameters of model (3.1) by 
matching its theoretical predictions with the experimental time series measurements, both for the 
case of one chain embedded in matrix and the two coupled embedded chains. From system (3.1) 
it is clear that there are a total of eight parameters, namely, 1 2 1 2 3, , , , , , ,k k m     . Considering 
first the single chain embedded in the matrix, we note that due to the absence of coupling with an 
absorbing chain it holds that 2 2 0k   . Moreover, to ease the optimization procedure, we 
assign the value of the exponent 1m , i.e., we assume that there exist linear coupling terms 
between beads due to the coupling provided by the embedding PDMS matrix, and also assign the 
strength of the diagonal coupling as      
2 2
Lateralgap / Bead diameter Lateral gap   . 
The experimental data consist of the time series of the velocity of the end bead for two 
impulse levels. However, as mentioned previously we restrict our focus to match only primary 
pulse propagation in this granular medium. In fact, the primary pulse carries most of the energy 
of the dynamics and is dominated by the compressive bead-to-bead interactions in the excited 
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chain. In our study we optimize the parameters  1 1 3, , ,k     of the model (3.1) by minimizing 
the difference of an objective function f  characterizing the discrepancies between the numerical 
simulation carried out for low and high levels of velocity impulse excitations and the 
corresponding experimental time series measurements. Moreover, given that we are focusing on 
primary pulse propagation, for each of the two levels of impulse excitations we define the 
objective function as, 
1 1 3( , , , )f f k      
3 3
1 1 
   
            
   
 i i i i
i iHigh excitation Low excitation
e s e s
           
(3.2) 
where 
1e  
and 1s  
are the points of first arrival of the primary pulse measured in the experiment 
and computed in the simulation, respectively; 
2e  
and 2s  
are the maxima of the experimental and 
simulated velocity primary pulses, respectively; and 
3e  
and 3s  
are the corresponding minima of 
the experimental and simulated velocity primary pulses, respectively (see Figure 3.10). 
Moreover, both low- and high-level impulsive excitations were considered in the optimization 
study. 
The minimization of the objective function is subject to bounds on the four parameters. 
This problem was solved using Matlab fmincon function for constrained minimization. To 
evaluate the objective function f  numerically, the system (3.1) was numerically integrated 
using the Runge-Kutta integration routine Matlab ode45 for every choice of the model 
parameters 1 1 3, , ,k    . Several simulations were run for nominal values of the model parameters. 
These preliminary simulations provided a basis on which to establish upper and lower bounds for 
the parameters, and helped us to select the initial sets of values from which to start the 
optimization. These bounds are listed in Table 3.1. Initial values from which to start the 
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optimization, were chosen from a uniform random distribution and are listed in Table 3.2. The 
optimization proceeded from these starting values, converging to the respective solutions of the 
final parameters which are also listed in Table 3.2. The convergence of the objective function for 
this optimization study is presented in Figure 3.11. 
Table 3.1. Bounds for the four parameters of the optimization study (single embedded chain) 
Variables Lower Bounds Upper Bounds 
1k  3.68 × 10
-5 0.0003312 
  0.00046 0.00414 
1  0.00132 0.01188 
3  0.0003 0.0027 
 
 
Figure 3.11. Evolution of objective function value 
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Table 3.2. Starting and final (optimized) normalized parameter values (single embedded chain) 
Variables Starting values Optimized values 
1k  0.00015032 0.000133 
  0.00152882 0.002317 
1  0.0100254 0.00583 
3  0.0011253 0.00022 
 
 
We numerically solved the system (3.1) with the optimized values of the parameters listed in 
Table 3.2 for both levels of velocity impulses, and compared the simulated velocity profile of the 
end bead with the corresponding experimental measurement presented in Figure 3.4. In Figure 
3.12 we depict the comparisons of the experimental (solid line) and optimized numerical (dashed 
line) results. It is clear that the optimized computational model (3.1) is capable of accurately 
capturing the arrival of the velocity primary pulse in the single embedded chain, but not the 
secondary pulses, which as discussed previously involve axial vibrations of the sample as a 
whole and is not dominated by the granular dynamics; hence, the granular media-based model 
(3.1) is not expected to accurately model this type of dynamics. However, since the primary 
pulse transmission is dominated by the strongly nonlinear (Hertzian-type) granular dynamics,     
it is accurately modeled by the model (3.1). Moreover, considering the magnitude of the      
velocity primary pulse that arrives at the end bead of the 11-bead granular chain we note that for 
the  low impulse excitation the initial velocity pulse in this  medium  reduces in  magnitude  from  
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(a) 
 
(b) 
Figure 3.12. Comparison between the experimental and simulated velocity response of the end 
bead of the single embedded chain for (a) low velocity impulse 0.29 / secm , and (b) high 
velocity impulse 0.41 / secm ; the simulations were carried out for the optimized normalized 
parameters listed in Table 3.2 and 1, 0.05m   . 
 
0.29 / secm  to 0.21 / sec m , whereas for the high impulse excitation the reduction of the 
velocity primary pulse is from 0.41 / secm  to 0.30 / sec m . 
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From the previous optimization study we are able to identify the parameters for each 
individual embedded granular chain. Proceeding now to the three samples of coupled granular 
chains we note that the remaining parameters to be identified are the coefficients of the (linear) 
coupling shear springs and viscous dampers modeling the coupling between chains provided by 
the PDMS elastic matrix. For each lateral gap between chains we need to identify two coupling 
parameters, namely, the coupling coefficient 2k  and the associated viscous damping coefficient 
2 . To estimate these two parameters for each of the three samples discussed in Section 3.2.1, we 
consider the velocity time series of the end beads of the excited and absorbing chains and apply 
an optimization scheme similar to that described previously. To perform this second optimization 
we defined objective functions similar to (3.2) and carried out a series of numerical simulations 
to determine the coupling parameters necessary to match the numerical simulations with the 
corresponding experimental measurements for the primary pulses of the velocity profiles of the 
end beads of the excited and absorbing chains for each sample. The final (optimized) values of 
the coupling parameters are listed in Table 3.3. 
 
Table 3.3. Optimized normalized parameter values for the coupling parameters (coupled chains) 
Variables 
Final (optimized) normalized values 
0.5mm lateral gap 1.5mm lateral gap 2.5mm lateral gap 
2k  1.56 × 10
-4 1.04 × 10-4 8.45 × 10-5 
2  1.072 × 10
-3 1.193 × 10-3 1.34 × 10-3 
 
117 
 
In Figure 3.13 we depict comparisons between the optimized numerical simulations and 
the corresponding experimental measurements for the three samples consisting of coupled 11-
bead homogeneous granular chains embedded in PDMS elastic matrix and low velocity impulse 
excitation. The numerical results were obtained by numerically integrating the theoretical model 
(3.1) incorporating all parameters obtained so far: The normalized parameters of each of the two 
granular chains were obtained by the first optimization study based on the single embedded 
chain, 1 ,0.000133 0 7,.00231 k   1 0.0 3,058  3 0.00022, 2 21, 0km   ; whereas the 
normalized coupling parameters were obtained by the second optimization study, as listed in 
Table 3.3. In performing the comparisons with the experimental measurements appropriate 
rescalings were performed in order to assign physical (un-normalized) values to the system 
parameters. It is clear from the results of Figure 3.13 that the theoretical model is capable of 
accurately capturing primary pulse propagation in the three samples, but is not valid for 
modeling secondary pulses resulting from later scattering of the primary pulse. Together with the 
results depicted in Figure 3.12, the results of Figure 3.13 validate the optimized model (3.1) in its 
capacity to accurately capture primary pulse transmission in the excited and absorbed chains of 
the three samples tested in Section 3.2.1. 
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(a)         (b)     (c) 
Figure 3.13. Comparisons between the experimental and simulated velocity responses of selected 
beads of the excited and absorbing chains for low velocity impulse excitation 0.29  /   : (a) 
sample with 0.5mm lateral gap, (b) sample with 1.5mm lateral gap, (c) sample with 2.5mm 
lateral gap; for each sample we depict comparisons for the end beads of the absorbing and 
excited chains and the first bead of the absorbing chain, and the simulations were carried out for 
the optimized normalized parameters listed in Tables 3.2 and 3.3 and with   = 1. 
 
From these results it is evident that energy exchanges between granular chains in this 
metamaterial system take place, with the intermediate PDMS elastic matrix playing the role of 
the coupling element. Clearly, the strength of the coupling strength between the two granular 
chains is dependent on the lateral gap between the two chains, since it is logical to assume that 
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the further apart the chains are located the less the coupling between the chains provided by the 
elastic matrix is. This dependency can be quantitatively studied by the optimized normalized 
coupling parameters listed in Table 3.3 and plotting them as functions of the lateral gap of each 
of the three samples. This is performed in Figure 3.14, which provides the relationship between 
the effective coupling stiffness 2k  between the granular chains and the corresponding lateral gap 
between the chains, indicating that the coupling stiffness varies nonlinearly with the lateral gap. 
 
 
Figure 3.14. Relationship between the coupling stiffness 2k  and the lateral gap between the 
granular chains of each sample. 
 
In the next section we employ the theoretical model (3.1) to study nonlinear energy 
transfer between the excited and absorbing granular chains for primary pulse propagation in each 
of the tested experimental samples. Then, we use the model in a predictive fashion, that is, to 
design the elastic matrix for enhancement of energy transfer between the two embedded granular 
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chains. As shown in Chapter 2, this type of strong energy exchanges can lead to primary pulse 
equi-partition or passive redirection of the primary pulse in granular networks similar to the 
weakly coupled granular media considered here. 
3.2.3 Study of energy transfer and predictive design 
In Section 3.2.2, we validated the theoretical model (3.1) for primary pulse propagation, and 
determined its optimal parameters for each of the three tested samples. As a result, we were able 
to capture theoretically primary pulse propagation in both the excited and absorbing chains. 
Moreover, in contrast to the experimental tests where we were only able to measure the velocity 
responses of the end beads of the chains and the first bead of the absorbing chain, with the 
theoretical model we are able to fully reconstruct primary pulse transmission through the 
medium, i.e., the full development of the primary pulse in the system. In addition, the theoretical 
model enables us to compute quantitative measures of energy transfer between chains and to 
study in detail how impulsive energy initially applied to the excited chain is partitioned between 
the chains and the embedding elastic matrix. Hence, the validated model allows for predictive 
design of primary pulse transmission in this embedded granular medium. A typical theoretical 
result is presented in Figure 3.15, where we numerically plot the responses (in physical and 
normalized units) of all beads of both chains of the sample with 0.5mm lateral-gap sample. The 
development of the primary pulse in both chains can be clearly deduced, as well as the arrival of 
the primary pulse at the end beads of the chains after which the model is not expected to yield 
reliable results. 
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 (a) 
 
(b) 
Figure 3.15. Numerical simulation of the experimentally validated theoretical model (3.1) for the 
sample with 0.5mm lateral gap, depicting the velocity profiles of all beads of the two chains: (a) 
Excited chain, (b) absorbing chain; left and bottom primary axes correspond to dimensional 
(physical) units, whereas right and top secondary axes correspond to normalized (dimensionless) 
units. 
In Figure 3.16 we depict the relative displacements in dimensionless form of the 
neighboring beads for both the excited and absorbing chains for the same sample with 0.5mm 
Arrival of primary 
pulse at the end bead 
Arrival of primary 
pulse at the end bead 
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lateral gap. In these plots we consider exclusively the propagation of the primary pulse in the 
excited and absorbing chains, and consider in detail the dynamics of bead to bead interactions 
during this initial strongly nonlinear phase of the dynamics. We clearly observe that
 
Figure 3.16. Normalized relative responses of all beads of the excited and absorbing chains for 
the sample with 0.5mm lateral gap in the regime of primary pulse propagation: (a) Excited chain, 
(b) absorbing chain. 
 
the separation of the end (11th) bead from the previous (10th) bead occurs at different time 
instants in the two chains; namely, this separation occurs at the (normalized) time instant 75 for 
the excited chain and normalized time 100 for the absorbing one. This separation signifies the 
end of primary pulse transmission in the corresponding chain. It follows that at time instant 75, 
although the primary pulse reaches the end of the excited chain, the primary pulse still 
propagates within the absorbing chain until the time instant equaling 100. These results are 
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important for estimating the energy transfer from the exciting to the absorbing chain during 
primary pulse transmission as outlined below. 
Based on the previous discussion we now proceed to calculate the ratio of energy transfer 
from the excited to the absorbing chain in the phase of primary pulse propagation. To this end, 
we define the energy transfer ratio as the ratio of total (kinetic and potential) energy in the 
absorbing chain until the normalized time istant 100 to the total energy in the excited chain until 
normalized time 75, i.e., until the corresponding time instants of separation of the end beads  
 
 
           (a)         (b) 
Figure 3.17. Dependence of the energy transfer ratio between chains during primary pulse 
propagation on the lateral gap of the three samples: (a) Low impulse excitation, (b) High impulse 
excitation. 
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from their neighboring beads. The total energy of each chain is computed as the summation of 
the total energies of the individual beads of the chain in the time interval of primary pulse 
propagation in that chain (as discussed above). Based on this calculation we construct the plots 
of Figure 3.17 depicting the energy ratios for the three samples, for low and high impulse 
excitations. 
We note that the energy transfer ratio is higher for the case of low excitation, which, as 
expected, it is much higher for the chain with the smallest lateral gap. One possible explanation 
for this trend is that for the low excitation case, there is sufficient time for the propagating pulse 
to transfer energy from the excited to the absorbing chain; moreover, the energy transfer is 
enhanced as the later gap decreases and the effective coupling between chains increases (see 
Figure 3.14). A general conclusion is that in all three samples energy transfer from the excited to 
the absorbing chain during primary pulse propagation is small, below 5%. However, it is 
possible to use the validated theoretical model in a predictive capacity, in order to design the 
elastic matrix (and the effective coupling between the two granular chains) that enhances energy 
transfer. This is performed in the remainder of this section. 
To this end, we reconsider system (3.1), omit all dissipative terms by setting 
1 2 3 0      and 1m  , and proceed to derive the following normalized simplified 
Hamiltonian model of nonlinear coupled oscillators containing only three stiffness parameters, 
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(a) 
 
(b) 
Figure 3.18. Numerical simulation of the Hamiltonian model (3.3) for the sample with 0.5mm 
lateral gap, depicting the velocity profiles of all beads of the two chains: (a) excited chain, (b) 
absorbing chain; left and bottom primary axes correspond to dimensional (physical) units, 
whereas right and top secondary axes correspond to normalized (dimensionless) units. 
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where 1, 2,...,n N , 0 0 1 1 0,    N Nx y x y  and 11N . In Figure 3.15 we present the 
responses of the Hamiltonian system (3.3) for low impulse excitation. Comparing them to the 
responses of the corresponding damped system in Figure 3.12 we conclude that the effect of 
damping is not significant in the regime of primary pulse propagation, in the sense that the 
dissipative terms do not appear to significantly change the dynamics during this high energy, 
early-time regime of the response (although these terms are expected to significantly affect the 
lower energy, later-time dynamics following the propagation of the primary pulse). Hence, the 
following parametric study will be performed on the basis of the simplified system (3.3) with the 
aim to study the effects of coupling stiffness, foundation stiffness and contact stiffness on the 
energy transfer in the embedded coupled granular chains. 
First we study the effect of coupling stiffness on energy transfer, keeping the other 
stiffness parameters of model (3.3) fixed and equal to the optimized values estimated in the 
previous Section 3.2.2 (see Table 3.2). In Chapter 2 the dynamics of weakly coupled granular 
chains without elastic foundations was studied, and it was shown that, irrespective of the lateral 
coupling, pulse equi-partition between the two granular chains (excited and absorbing) occurs. 
Moreover, it was found that with stronger lateral coupling, the period of the initial transients was 
significantly reduced and a smaller number of beads were required to achieve energy equi-
partition among the granular chains. To obtain a similar energy equi-partition phenomenon in the 
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Figure 3.19. Numerical simulation of the Hamiltonian model (3.3) for the sample with 0.5mm 
lateral gap with 42 11.56 10 ,11 0.000133k k
    and 0.002317  , depicting the velocity 
profiles of all beads of the two chains: (a) Excited chain, (b) absorbing chain, (c) transient 
evolution of the total energies of the two chains. 
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considered embedded granular chain, we performed a parametric study by only varying the 
coupling stiffness 2k . As the simulations of Figure 3.19 indicate, such an energy equi-partition is 
achievable in this embedded granular medium for appropriate selection of 2k . These responses 
correspond to low impulse excitation, lateral gap of 0.5mm and coupling stiffness equal to 11 
times the corresponding coupling system identified for the experimental system and listed in 
Table 3.3 (i.e., normalized value 42 1.56 11 01k
  ). In Figure 3.19c we depict the transient 
evolutions of the total energies of the excited and absorbing chains, and conclude that energy 
equi-partition between the two chains occurs at the end of the regime of primary pulse 
propagation. Further increase of the coupling stiffness will lead to faster energy equi-partition, so 
this particular value of the coupling stiffness can be considered as the minimal value of the 
coupling stiffness necessary for energy equi-partition during primary pulse propagation. 
Extending the parametric study to the other two tested samples and considering both low and 
high impulse excitations, we computed the minimal value of the coupling stiffness for energy 
equi-partition for each case. The results are listed in Table 3.4, confirming that energy transfer is 
stronger for low impulsive excitation and smaller lateral gap between chains. The studied 
phenomenon of energy equi-partition between chains is associated with pulse redirection 
between chains, so our results can find application in designs of granular networks for passive 
wave redirection [2–4]. 
Additional parametric studies were performed to study the effect of the foundation 
stiffness and the contact stiffness on the energy exchanges in the embedded coupled granular 
chains. The results indicate that higher energy transfer (including energy equi-partition) is 
achieved for lower foundation and contact stiffness values. 
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Table 3.4: Minimal coupling stiffness for energy equi-partition during primary pulse propagation 
Multiple of nominal 2k  value listed in Table 3.3 
Excitation 0.5mm lateral gap 1.5mm lateral gap 2.5mm lateral gap 
Low 11 14 16 
High 12 16 18 
 
3.2.4 Summary 
In this section we experimentally tested a system of single- and coupled granular chains (with 
varying lateral gap) embedded in PDMS matrix. Based on the experimental measurements we 
constructed a strongly nonlinear theoretical model of coupled oscillators that accurately 
predicted primary pulse propagation in the experimental system. Utilizing this model we studied 
energy transfers in the tested samples and determined their dependence on the later gap between 
the granular chains. In addition, we showed that the constructed theoretical model can be used in 
a predictive capacity, in designing the embedded granular system for stronger energy exchanges 
and even primary pulse equi-partition between chains. 
 This work represents one of the first systematic studies of the dynamics of ordered 
granular media embedded in elastic matrix, and, hence, adds to the body of existing works 
concerning ‘dry’ granular chains. Moreover, the reported results can contribute towards the 
design of practical acoustic metamaterials with embedded granular media. Moreover, coupled 
with the passive energy redirection results based on the LZT effect discussed in Chapter 2, these 
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results pave the way for designing practical acoustic metamaterials with intrinsic pulse 
redirection properties. 
3.3 Forced harmonic responses of embedded homogeneous granular chains 
In Section 3.2 we examined embedded granular media under impulsive excitation and studied 
transient energy exchanges between coupled chains. In this section we consider embedded 
granular chains under harmonic excitation and investigate the different mechanisms of energy 
transfer at the steady state regimes. In addition, we experimentally study the frequency filtering 
properties of these highly nonlinear acoustic metamaterials and prove the existence of acoustic 
pass-bands, stop-bands, and propagating breathers in this class of systems. Contrary to the 
previous section where on granular chains embedded in PDMS matrix were considered, in this 
section we consider three different types of matrix – namely PDMS, polyurethane and 
geopolymer, in order to assess the influence of the properties of the matrix on the dynamics. 
Both single and coupled granular chains are tested and the acoustic bands and 
propagating breathers are robustly detected in each case over varying frequency and energy 
ranges. Low-frequency acoustic pass-bands are characterized by pulse-like transmission in the 
granular media and correspond to negligible effective pre-compression of the chains, whereas 
high-frequency stop-bands are characterized by strong effective pre-compression and 
characterized by complete filtering of the granular media dynamics. At intermediate frequency 
ranges we detect the propagation of propagating breathers in the granular chains, in the form of 
wavetrains of localized wavepackets separated by silent regions. We study the effects of the 
matrix and the gaps between coupled granular chains on the propagation of the breathers, and 
confirm the robustness of these highly nonlinear responses in this highly discontinuous class of 
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acoustic metamaterials. Moreover, we relate our results to energy transfers between coupled 
granular chains. Finally, we extend the simplified theoretical model developed in Section 3.2 in 
order to recover the experimentally detected responses. To our knowledge, the reported work in 
this section is the first experimental report of nonlinear acoustic filtering and experimental 
propagating breather detection in a practical acoustic nonlinear metamaterial. 
3.3.1 Experimental fixtures, procedures and results 
The experimental fixture to perform this study is shown in Figure 3.20. Each experimental 
sample was placed on top of a Teflon base (sheet), with additional Teflon blocks placed on its 
sides. The friction provided by the contact between the Teflon sheets and the elastic matrix 
restricted the translational and lateral motions of the sample, and provided an effective elastic 
foundation to the granular chain(s) embedded in the sample. Different excitation and 
transduction mechanisms were adopted for each of the two chain configurations. Considering 
first a single-chain sample, controlled excitation to the first granule (at the left end) was applied 
by means of an APS® long-stroke shaker. The stinger of the shaker was guided to excite 
horizontally the sample, and a piezoelectric force transducer (PCB® model 208C03, with 
sensitivity 2248 mV/kN) was attached at the point of contact of the stinger with the sample in 
order to measure the applied force. Given that the force transducer was not glued to the sample 
(i.e., depending on the frequency and amplitude of the excitation it could lose contact with the 
sample), the measured force was highly affected by the measured response, due to the strong 
nonlinear sample-stinger dynamic interaction during the measurement. Hence, an additional 
measurement was performed by recording the velocity of the armature of the shaker by means of 
a laser vibrometer (Polytec® model PSV-300-U), which was unaffected by the measured 
dynamics and enabled accurate measurement of the amplitude and frequency of the applied 
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harmonic motion. An additional piezoelectric force transducer (PCB® model 208C02, with 
sensitivity 11241 mV/kN) was used to measure the transmitted force at the right end of the 
sample. Hence, in tests of single embedded granular chains only two force transducers were used 
to measure the input and output forces for each sample. 
 
 
 
Figure 3.20. Experimental fixture arranged for testing the embedded granular chains under 
harmonic excitation showing side and top views of the excitation and transduction mechanisms, 
as well as the positioning of the sample between side and bottom Teflon supports.  
 
A different excitation-transduction mechanism was used to test samples of coupled 
embedded granular chains. The chain directly forced by the shaker was designated as the 
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as the ‘absorbing chain.’ A harmonic input force was applied to the first bead at the left end of 
the excited chain, whereas the velocity of the last (the 11th) bead of the excited chain was 
measured by a second laser vibrometer (Polytec® model PSV-400). Regarding the absorbing 
chain, whereas its left end was contact free, its right end was placed in contact with a force 
transducer (PCB® model 208C02, with sensitivity 11241 mV/kN) in order to study the force 
transmitted at its end. As for the case of both single and coupled embedded chains, measurement 
of the velocity of the armature of the shaker was performed in order to record accurately the 
frequency and amplitude of the excitation applied to the sample. 
A final note concerns the effective static pre-compression in the embedded granular 
chains. As discussed in previous works [32,38], depending on the frequency and amplitude of the 
applied excitation, this static pre-compression can vary from being nearly negligible (at low 
frequencies – in pass-bands), to moderate (at intermediate frequencies) and strong (at high 
frequencies – in stop-bands). In single granular chains this effective pre-compression was 
measured by recording the static load in the sample using a calibrated strain-gauge cell placed in 
contact with the last bead of the chain. Similarly, in samples with coupled chains we recorded the 
static load in the absorbing chain by placing the strain gauge cell in contact with the last bead of 
the absorbing chain. 
 In the following sections we report on three different regimes of the nonlinear dynamics 
of embedded granular media: Namely pass-bands (at low frequencies), traveling breathers (at 
intermediate frequencies) and stop-bands (at high frequencies). These regimes are robust in both 
single and coupled granular chains and for all three types of embedding matrices. The strongly 
nonlinear dynamical features of the responses in each of these regimes are studied in detail, and 
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their implications for the mitigation properties of this class of highly discontinuous 
metamaterials are discussed. 
3.3.2 Experimental study 
3.3.2.1 Pass-band dynamics 
An initial series of tests considered single embedded chains under low frequency harmonic 
excitation. In previous works [32,38] it has been theoretically predicted that at low frequencies 
the stinger does not maintain continuous contact with the sample, so it loses contact during part 
of every excitation cycle and the excitation consists of a periodic series of applied pulses. As a 
result, a series of pulses propagates through the chain, with each pulse resembling the 
corresponding response for single impulse excitation. This defines a pass-band for the chain 
response, during which energy is transmitted almost unattenuated through the chain; this is 
verified by the series of force pulses transmitted at the right end of the sample and measured by 
the force transducer. We note that in the pass-band the dynamics of the chain is strongly 
nonlinear, and its effective pre-compression by the applied excitation is negligible. 
In Figure 3.21a we depict the velocity-time series of the armature of the shaker, and in 
Figure 3.21b the corresponding measured transmitted force for a single chain embedded in 
PDMS matrix under harmonic excitation of relatively high amplitude at 100 Hz. The 
transmission of a pulse train in this medium is clearly confirmed, despite the fact that the applied 
harmonic excitation is continuous. Examining the waveform of a single pulse of the transmitted 
force, we can infer three different phases of the response. In the first phase, corresponding to the 
time interval when the applied force excitation is positive (i.e., the stinger of the shaker is in 
contact and applies a compressive force to the sample), the granules of the chain are in a state of 
compression against the force transducer (located at the right end of the chain). Then the granular 
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dynamics is strongly nonlinear as Hertzian interactions between granules are realized, and this is 
evidenced by the non-smooth effects on the first half of the transmitted force pulse. On the 
contrary in the second phase of the response where the force excitation is still positive, the 
stinger loses gradually contact with the leading bead, the compressive force from the first bead to 
the sample reduces, and the sample undergoes a phase of relaxation. This is evidenced by the 
smooth second-half of the transmitted force pulse when the granules undergo a relaxation phase, 
and non-smooth interactions between them vanish. The small residual force pulses observed in-
between the transmitted larger pulses in the third phase of the response are caused  
 
  
 
Figure 3.21. Experimental velocity time series of the armature of the shaker and transmitted 
force at the right end of a single granular chain embedded in PDMS matrix under relatively high 
amplitude excitation at 100 Hz (pass-band).  
0 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04 0.045 0.05
0
2
4
Time (sec)
F
o
rc
e
 (
N
)
Output
0 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04 0.045 0.05
-10
-5
0
5
10
Time (sec)
V
e
l 
(m
m
/s
)
Input
Granular interactions Relaxation phase 
Effect of on-site potential 
136 
 
 
 
  (a)                                                                    (b) 
Figure 3.22. Experimental velocity time series of the armature of the shaker and transmitted 
force at the right end of a single granular chain embedded in PDMS matrix for 100 Hz excitation 
frequency (pass-band): (a) Low harmonic excitation input, (b) medium harmonic excitation 
input; note the stronger effects of the on-site potential as manifested by ‘ringing’ of the sample 
after the main pulses. 
 
by the (small) static preload realized during the first-half of the applied pulse and the presence of 
on-site (elastic foundation) potential in the sample because of the surrounding PDMS matrix and 
its friction against the supporting Teflon sheets. As a result, in the third phase the last bead does 
not fully relax due to the foundation effect and so regains contact with the transducer at its right 
end, resulting in the small force pulse. In fact, we expect that by increasing the amplitude of the 
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excitation (keeping the frequency fixed) this residual pulse should weaken since the stronger 
transmitted force pulse would overcome the effects of the on-site potential of the sample; 
whereas when the excitation amplitude decreases the residual on-site potential effects should 
become more dominant as the transmitted pulse weakens, and the low-frequency resonance 
(ringing) of the sample as a whole should be stronger. Hence, we find that the waveforms of the 
transmitted low-frequency force pulses carry significant information regarding the strongly 
nonlinear dynamical interactions between granules and the overall interaction of the sample with 
its supports. 
 The enhanced effect of the elastic foundation on the dynamics in the pass-band is 
highlighted by the experimental results of Figure 3.22, where the transmitted force pulses in the 
sample forced with smaller amplitude excitations at 100 Hz are presented. We note that in these 
cases the foundation effects are evidenced by small residual oscillations following the 
transmission of the main force pulse. For smaller excitation amplitudes, the foundation stiffness 
effects dominate, and the width of the pulse decreases below half the drive period. On the other 
hand, when the driving force amplitude increases the pulse width also increases and tends to 
become equal to half the period of the applied excitation. When the excitation amplitude is 
further increased, the forced dynamics of the embedded granular chain completely overcomes 
the on-site potential (foundation) effects, and the forced response behaves similar to the well-
studied pulse propagation in the corresponding dry chain (i.e., the chain without the surrounding 
matrix). In that case the response of each granule follows the applied excitation as found in [38]. 
Moreover, for both low- and high-amplitude excitations, we can clearly deduce the presence of 
higher harmonics in the forced response. These higher harmonics are caused by the strongly 
nonlinear dynamic Hertzian interactions that occur between granules of the chain, and to 
138 
 
separations and ensuing collisions between granules. However, the amplitudes of these higher 
harmonics decrease when the amplitude of excitation increases, and stronger compressive forces 
between granules are realized, preventing bead separations. 
 In a second series of experiments we studied the pass-band dynamics of coupled chains 
embedded in three different types of matrices, namely PDMS, polyurethane, and geopolymer, 
with identical lateral gaps of 0.5 mm and for identical harmonic excitations at 100 Hz; the results 
are depicted in Figure 3.23. As reported in the Section 3.2 (where experimental study of similar 
embedded granular chains was performed but under impulsive excitation), if two ordered 
granular chains are coupled through embedding common matrix, they exchange energy; 
moreover, the higher the coupling stiffness between chains is, i.e., the stiffer the matrix, the 
higher the resulting energy transfers are. This is confirmed by the experimental results of Figure 
3.23, where we deduce that for the chains embedded in geopolymer matrix higher energy transfer 
from the excited to the absorbing chain occurs, as evidenced by the higher-amplitude force 
transmitted by the last granule of the absorbing chain; at the same time the velocity pulse 
measured at the last granule of the excited chain is the lowest in amplitude compared to the other 
two cases. Moreover, for the chain embedded in PDMS matrix, the energy transfer between 
chains is the lowest.  
It is interesting to note that in the pass-band of the coupled chains similar pulse-like 
behavior for the transmitted force to the single chain system is observed, indicating highly 
nonlinear dynamic response and small effective pre-compression. In addition, the effects of 
granular interactions are again evident in the form of non-smooth effects in the first-halves of the 
force and velocity pulse, followed by relaxation and on-site potential effects. As in the case of 
the single embedded chain, the on-site potential (or elastic foundation) effects are caused by 
139 
 
adhesion or friction of the surrounding matrix to the supporting Teflon blocks, giving rise to an 
elastic restoring (foundation) effect. Moreover, although the three materials used as matrices 
have drastically different stiffness and dissipation properties, the measured velocity and 
transmitted force wave patterns are similar (albeit of varying intensity), which highlights the 
robustness of the granular media dynamics for varying embedding media. This robustness of the 
granular media dynamics is a common feature in our study and extends to the stop-bands as well 
as to regimes of breathers formation. 
An additional series of experiments has been performed to study the pass-band dynamics 
of coupled granular chains embedded in PDMS matrix, but in samples with varying lateral gaps 
of 0.5mm, 1.5mm and 2.5mm. Again, for each test case harmonic excitation with fixed 
amplitude and a frequency of 100 Hz is applied to the excited chain, and the velocity of the last 
granule of the excited chain, as well as the force transmitted by the last granule of the absorbing 
chain are recorded. The results are presented in Figure 3.24, and interesting conclusions 
regarding the effect of the lateral gap on the dynamics can be inferred. We deduce that (similarly 
to the results presented in Section 3.2), the smaller is the lateral gap, the higher is the resulting 
energy transfer between the excited and absorbing granular chains. This should not be surprising 
given that smaller amount of matrix between the chains facilitates the energy exchange between 
them (predominantly through coupling shear forces (Section 3.2), whereas the coupling forces 
are expected to diminish as more matrix material exists between the chains (when the lateral gap 
increases). We note that despite the varying lateral gap, the non-smooth effects caused by 
granular interactions can be clearly discerned in all cases in the first-halves of the velocity and 
force pulses, which indicates the robustness and persistence of granular dynamic phenomena 
even in coupled chains with relatively large lateral gaps. We note, however, that for the sample  
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 (a) 
Figure 3.23. (cont. on next page) Pass-band responses of three coupled chains embedded-in-
matrix with 0.5mm lateral gap under identical harmonic excitation at 100 Hz: (a) Chain 
embedded in PDMS matrix; in each case we depict the velocity time series of the armature of the 
shaker (top), the velocity of the last granule of the excited chain measured by a laser vibrometer 
(middle), and the force transmitted by the last granule of the absorbing chain (bottom). 
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 (b) 
Figure 3.23. (cont. on next page) Pass-band responses of three coupled chains embedded-in-
matrix with 0.5mm lateral gap under identical harmonic excitation at 100 Hz: (b) chain 
embedded in polyurethane matrix; in each case we depict the velocity time series of the armature 
of the shaker (top), the velocity of the last granule of the excited chain measured by a laser 
vibrometer (middle), and the force transmitted by the last granule of the absorbing chain 
(bottom). 
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 (c) 
Figure 3.23. Pass-band responses of three coupled chains embedded-in-matrix with 0.5mm 
lateral gap under identical harmonic excitation at 100 Hz: (c) chain embedded in geopolymer 
matrix; in each case we depict the velocity time series of the armature of the shaker (top), the 
velocity of the last granule of the excited chain measured by a laser vibrometer (middle), and the 
force transmitted by the last granule of the absorbing chain (bottom). 
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(a) 
Figure 3.24. (cont. on next page) Pass-band responses of three coupled chains embedded in 
PDMS matrix with varying lateral gap under identical harmonic excitation at 100 Hz: (a) 0.5mm 
gap; in each case we depict the velocity time series of the armature of the shaker (top), the 
velocity of the last granule of the excited chain measured by a laser vibrometer (middle), and the 
force transmitted by the last granule of the absorbing chain (bottom). 
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(b) 
Figure 3.24. (cont. on next page) Pass-band responses of three coupled chains embedded in 
PDMS matrix with varying lateral gap under identical harmonic excitation at 100 Hz: (b) 1.5mm 
gap; in each case we depict the velocity time series of the armature of the shaker (top), the 
velocity of the last granule of the excited chain measured by a laser vibrometer (middle), and the 
force transmitted by the last granule of the absorbing chain (bottom). 
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(c) 
Figure 3.24. Pass-band responses of three coupled chains embedded in PDMS matrix with 
varying lateral gap under identical harmonic excitation at 100 Hz: (c) 2.5mm lateral gap; in each 
case we depict the velocity time series of the armature of the shaker (top), the velocity of the last 
granule of the excited chain measured by a laser vibrometer (middle), and the force transmitted 
by the last granule of the absorbing chain (bottom). 
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with the largest lateral gap (cf. Figure 3.24c) the effects of granular interactions diminish in the 
transmitted force pulses in the absorbing chain, whereas they are enhanced in the velocity pulses 
in the excited chain. We conjecture that by increasing the matrix material between the granular 
chains, the non-smooth effects in the response of the absorbing chain are decreased due to 
increased dissipation and dispersion of the transmitted elastic waves from the excited chain to the 
absorbing one, as they are transmitted through the matrix. Finally, we note the weak effective 
pre-compression in the granular chains caused by the applied harmonic force, as evidenced by 
the small non-zero offsets of the transmitted force pulses in the absorbing chain. 
3.3.2.2 Propagating breathers 
In this section we report on the existence of a strongly nonlinear class of modulated response of 
the harmonically forced single and coupled embedded granular chains, namely propagating 
breathers. These are time-periodic oscillatory responses with highly localized envelope. Until 
now these responses have only been theoretically predicted in ordered granular media [3,39–41], 
except in [42,43] where under conditions of strong pre-compression, discrete breathers were 
experimentally observed in weakly nonlinear one-dimensional diatomic granular crystals.  
In the current work, breathers are experimentally detected at intermediate-frequency 
ranges (i.e., in frequencies between the lower-frequency pass-bands and higher-frequency stop-
bands – discussed later), and are found to depend on the energy level of the dynamics (as 
expected for this class of strongly nonlinear metamaterials). Moreover, their presence was 
confirmed in all tested samples and for all three material matrices, that is, PDMS, polyurethane 
and geopolymer; this indicates that propagating breathers are robust in this class of highly 
discontinuous acoustic metamaterials, a result with significant practical implications as discussed 
later (e.g., in designs incorporating passive energy redirection [3]. Before proceeding to the 
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discussion of our experimental results we provide a small digression on the concept of 
propagating discrete breathers in nonlinear mechanical chains of particles.  
In the physics literature a breather is defined as a standing or traveling nonlinear 
oscillatory wavepacket propagating in a nonlinear medium, with envelope possessing localized 
characteristics (either in amplitude or in slope). Discrete breathers are breathers realized in 
nonlinear lattices and originate due to discreteness and nonlinearity [44–46]. The study of 
nonlinear localized modes or discrete breathers is a comparatively new concept in the field of 
homogeneous or inhomogeneous granular chains. However, numerous works have considered 
stationary and traveling breathers in spatially periodic chains with smooth nonlinearities. In a 
previous study, Sen et al. [47] studied the dynamical behavior of nonlinear mass-spring chains, 
and observed the existence of metastable breathers. In related works by Hladky-Hennion et al. 
[48,49], similar localized modes in band gaps of diatomic chains of welded spheres were 
experimentally observed. To study nonlinear localized breathing modes in a homogeneous one-
dimensional granular chain with no on-site potential, Theocharis et al. [50] applied static pre-
compression in the model in an effort to create modulational instability, which is the main 
dynamical mechanism behind the creation of such localized modes, as studied in the FPU lattice 
[46]. Surprising enough such localized breathing modes do not exist in homogeneous granular 
chains and hence Theocharis et al. [50] concluded that “…in chains composed of beads of the 
same type, the intrinsic nonlinearity, which is caused by the Hertzian interaction of the beads, 
appears not to support localized, breathing modes…”. However, by adding an impurity bead, 
they observed the formation of localized breathing modes near the defect, caused by the interplay 
between nonlinearity and disorder. Similar discrete breathers were also observed in strongly pre-
compressed diatomic chains [42,43].  
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As mentioned previously, ordered granular media with no pre-compression represent a 
class of essentially nonlinear (i.e., non-linearizable) spatially periodic dynamical systems with no 
linearized acoustics or dynamics, so they are expected to be highly degenerate dynamical 
systems. However, any initial pre-compression or any effective pre-compression caused from 
their intrinsic nonlinear dynamics would introduce a static preload; in turn, this would eliminate 
the essentially nonlinear behavior and introduce a linear component in the dynamic interactions 
between granules (beads). Then, one would expect that the nonlinear dynamics of these media 
would be able to support the formation of propagating discrete breathers, in accordance with the 
predictions of the aforementioned studies considering chains with smooth nonlinear 
characteristics. Yet, as shown in [38], with increasing frequency the time-periodic response of 
homogeneous granular chains itself introduces effective pre-compression in these media, which 
increases with increasing frequency (reaching maximum pre-compression and nearly linearized 
dynamics in the high-frequency stop-bands). As a result, at intermediate frequency ranges 
(representing transitions between pass and stop-bands) it is expected that the intrinsic pre-
compression developing by the intrinsic dynamics of the embedded granular chains would enable 
the realization of propagating breathers. This is exactly what we observed experimentally, by 
detecting highly nonlinear propagating discrete breathers in the form of well-defined traveling 
wave packets possessing highly localized envelopes. 
Another comment should be made regarding the effect of the on-site potential and the 
discreteness of the tested material systems on the formation of propagating breathers. It is well 
known that discrete breathers are caused by nonlinearity and discreteness. In a series of works 
[3,39–41], it has been proven analytically and numerically that if an on-site potential exists in an 
uncompressed granular chain, then localized modes or breathers can be excited in that medium. 
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Research results have been presented in Chapter 2 but only for impulsive excitation, and it was 
found that to excite breathers in such a granular chain, the strength of the on-site potential should 
be of the same order of magnitude or higher than the intensity of the Hertzian interaction 
between granules; that is, the characteristic time scale of the oscillations caused by the on-site 
potential (or elastic foundation) should be comparable to the characteristic time scale of the 
(local) dynamics of the inter-granule interactions. It follows that the existence of an on-site 
potential is one of the pre-requisites (together with the presence of stiffness nonlinearity) for the 
formation of breathers in the strongly nonlinear ordered granular media under consideration. In 
the experimentally tested embedded granular chains studied in this section the elastic foundation 
effect was realized by the matrix and the supporting Teflon sheets, so the aforementioned pre-
requisite was met. 
To detect propagating discrete breathers in the test samples composed of single and 
coupled embedded chains, we first performed broad frequency sweeps of the applied harmonic 
excitation while also varying its amplitude. The measured waveform of the transmitted force at 
the end of the excited chain (for the case of a single chain) or the absorbing chain (for the case of 
the coupled chain, in which case the velocity waveform of the last granule of the excited chain 
was also measured) was carefully monitored until the sought modulated oscillatory wavetrains 
signaling the formation of propagating breathers could be detected. As mentioned previously 
propagating discrete breathers were detected in all tested samples (that is for single as well as 
coupled granular chains and for all three matrix materials), provided that the excitation frequency 
was carefully selected in the required intermediate frequency range, and the excitation amplitude 
was tuned accordingly. 
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Figure 3.25. Propagating breathers in the single chain embedded in PDMS matrix for harmonic 
excitation at 400 Hz: Velocity time series of the armature of the shaker (top), force transmitted 
by the last granule of the chain (middle), and power spectral density of the force transmitted 
(bottom). 
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Considering first the case of a single granular chain embedded in PDMS matrix discussed 
in section 3.3.2.1, we have characterized a pass-band for this system as the low-frequency range 
where pulse-like force transmission is realized. By increasing the frequency of excitation this 
regime gradually vanishes, and at a range close to 400 Hz, a propagating breather in the 
transmitted force is realized in the form of a modulated oscillatory wavetrain with slowly varying 
(modulated) envelope. The time series of the measured transmitted force, as well as the 
corresponding spectral power density are presented in Figure 3.25. This modulated response is 
the product of constructive interference of right-propagating and reflected left-going oscillatory 
waves emanating from the boundaries of the sample, and indicates the presence of modulational 
instability, which is the source of breathers formation in the granular chain. 
It is important to note that this instability did not occur due to any electrical noise present 
in the electrical networks used in the experimental setup (as reported in [51]) nor to any 
modulation in the applied excitation (such as, frequency [51] or amplitude modulation [52]); this 
is clearly shown by the harmonic applied input force depicted in Figure 3.25. Rather, the 
observed modulational instability is caused by dynamical effects associated with the granular 
media: such as, the elastic foundation of the sample, the strongly nonlinear Hertzian interactions 
between granules and the effective pre-compression and discreteness of the granular chain. This 
last effect explains the formation of propagating discrete breathers at intermediate (and not lower 
or higher) frequency ranges: The necessary dynamical balance dictates moderate (that is, not 
nearly negligible as in pass-bands, nor too high as in stop-bands) effective pre-compression, 
leading to the dynamical formation of long-lived and spatially localized breather structures 
[42,43]. The manifestation of modulational instability in the experimental breather measurements 
is clearly visible when considering the power spectral density plot of the transmitted force in 
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Figure 3.25, from which we can deduce that in addition to the dominant harmonic component at 
400 Hz, there exist side bands due to the slow modulation of the envelope of the oscillation; the 
existence of these side bands is a clear indicator of modulation instability in the formed wave 
packets. For this case, the instability growth rate is high enough to create modulational instability 
in the transmitted force [53,54].  
 From a physical point of view, the state of the breather can be regarded as an 
intermediate dynamical stage between the highly nonlinear and highly localized propagating 
pulse-like (and not oscillatory) dynamics realized in pass-bands, and the nearly linear but highly 
attenuated oscillatory (and non-propagating) dynamics realized in stop-bands. Hence, as 
transitions between these two regimes, propagating breathers are an intermediate dynamical state 
combining features from both of pass and stop-band dynamical states: They are strongly 
nonlinear, propagating and oscillatory states possessing localized envelopes. We emphasize that 
nonlinearity, discreteness and on-site potential are prerequisites for the realization of this type of 
responses. 
 In the performed experiments propagating breathers were quite robust for the single chain 
embedded in PDMS matrix, since they persisted in tests over a relatively broad frequency range. 
In fact, by tuning the frequency and amplitude of the applied excitation we were able to further 
enhance the localization of the transmitted oscillatory wavepackets by introducing ‘silent 
regions’ between them. Increasing the excitation frequency from 400 Hz to 500 Hz, the 
modulational instability intensifies leading to a corresponding increase in the envelope 
modulation of the response of the granular chain (cf. Figure 3.26a). Moreover, due to enhanced 
modulational instability, there occurs self-steepening of the propagating oscillatory wavetrains, 
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 (a) 
 
 (b) 
Figure 3.26. Propagating breathers in the single chain embedded in PDMS matrix for harmonic 
excitation at (a) 500 Hz, and (b) 700 Hz; velocity time series of the armature of the shaker (top), 
and force transmitted by the last granule of the chain (bottom). 
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resulting in the formation of discrete breathers with clear silent zones between the localized 
propagating wavepackets; this is clearly evident from the experimental measurements depicted in 
Figure 3.26a. Further increase of the excitation frequency to 700 Hz does not eliminate the 
propagating breathers, but ‘pollutes’ the silent regions between the localized propagating 
oscillatory wavepackets, as small-amplitude oscillations appear in these regions (cf. Figure 
3.26b). Nevertheless, the propagating breather persists even at that higher frequency, a finding 
which demonstrates the robustness of this strongly nonlinear dynamical phenomenon. We note, 
however, that in order to realize these results the corresponding amplitudes of the applied 
excitations needed to be adjusted accordingly. This can be deduced by comparing the amplitudes 
of the armature of the shaker velocity responses in the three cases depicted in Figures 3.25, 3.26a 
and 3.26b. The intense shaker-sample interactions during this strongly nonlinear regime of the 
dynamics are evidenced by the weak modulations that appear in the measured velocity time 
series. These interactions increase the effective pre-compression of the embedded granular chain 
in this dynamical regime. 
Increasing the excitation frequency to values higher than 700 Hz the modulational 
instability is gradually eliminated, and we no longer observe the propagation of breathers in the 
form of localized modulated propagating wave packets. Then the dynamics enters a different 
regime, namely a stop-band, where the embedded granular chain undergoes standing wave 
oscillations that are spatially localized in the vicinity of the point of the excitation and decay 
exponentially away from it. This results in further increase of the effective pre-compression of 
the embedded granular chain by the shaker and the dynamics becomes nearly linear (or weakly 
nonlinear) [38]. The transition from the propagating breather to this type of strongly localized 
response is realized by increasing the frequency and decreasing the amplitude of the applied 
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excitation. The corresponding dynamical regime is examined in detail in Section 3.3.2.3. Next, 
we consider embedded coupled chains and prove the existence of propagating breathers in these 
more complex granular media as well. In particular, we prove persistence of propagating discrete 
breathers in samples with different matrices, and study the effect on these motions of varying the 
lateral gap between the chains for the same surrounding matrix. 
Hence, a separate series of tests was conducted with samples of coupled granular chains 
under the forcing protocol described in the introduction of Section 3.3.1. In the first series of 
experimental runs we considered harmonic excitations of fixed amplitude at a fixed frequency of 
500 Hz. We tested three samples of coupled chains composed of PDMS, polyurethane and 
geopolymer matrices and with a fixed lateral gap of 0.5mm between the granular chains. We 
were able to robustly excite propagating breathers in all tests, as the results depicted in Figure 
3.27 clearly indicate. We note that the transmitted force measurements are highly asymmetric, 
due to the fact that only compressive force can be measured by the force transducer located at the 
end of the absorbing chain (since the transducer cannot perform a force measurement once the 
granular chain separates from it). Nevertheless, the presence of propagating breathers in the 
absorbing chain can be clearly deduced by these experimental measurements. We note that the 
velocity time series of the last beads of the excited chains provide the complete structure of the 
propagating breathers, since they are obtained by non-contacting laser vibrometry. Interestingly 
enough in all measured breathers clear silent regions were recorded between propagating 
localized wavetrains. An indication of the strongly nonlinear dynamics of this regime is the fact 
that the silent regions in the transmitted forces and velocity profiles are realized even though the 
harmonic excitation of the excited chain is continuously applied. In addition, the multi-frequency 
harmonic content in the propagating wavetrains is evident in the measured time series. 
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(a) 
Figure 3.27. (cont. on next page) Propagating discrete breathers in three coupled chains 
embedded in (a) PDMS matrix, with fixed lateral gaps equal to 0.5mm and common excitation 
amplitude and frequency 500 Hz; in each case we depict the velocity time series of the armature 
of the shaker (top), the velocity of the last granule of the excited chain measured by laser 
vibrometry (middle), and the force transmitted by the last granule of the absorbing chain 
(bottom). 
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(b) 
Figure 3.27. (cont. on next page) Propagating discrete breathers in three coupled chains 
embedded in (b) polyurethane matrix, with fixed lateral gaps equal to 0.5mm and common 
excitation amplitude and frequency 500 Hz; in each case we depict the velocity time series of the 
armature of the shaker (top), the velocity of the last granule of the excited chain measured by 
laser vibrometry (middle), and the force transmitted by the last granule of the absorbing chain 
(bottom). 
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(c) 
Figure 3.27. Propagating discrete breathers in three coupled chains embedded in (c) geopolymer 
matrix, with fixed lateral gaps equal to 0.5mm and common excitation amplitude and frequency 
500 Hz; in each case we depict the velocity time series of the armature of the shaker (top), the 
velocity of the last granule of the excited chain measured by laser vibrometry (middle), and the 
force transmitted by the last granule of the absorbing chain (bottom). 
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Figure 3.28. Propagating breather in the coupled chain embedded in PDMS matrix with lateral 
gap of 0.5mm and harmonic excitation at 500 Hz: Velocity time series of the armature of the 
shaker (top), and power spectral density of the transmitted force (bottom). 
From these measurements, the effects of the different matrices on the propagating 
breathers are deduced. First, we observe that the silent regions are smallest for breathers in the 
PDMS embedded chain and largest for breathers in the polyurethane embedded chain. Second, 
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judging by the corresponding amplitudes of the measured modulated time series, we deduce that 
for the chains embedded in geopolymer matrix highest energy transfer from the excited to the 
absorbing chain is realized, whereas lowest energy transfer is realized for chains embedded in 
PDMS matrix; this conclusion is consistent with what was observed in the pass-band dynamics 
of these media, as reflected in the results of Figure 3.23.  
Finally, the type of matrix appears to affect the frequency content of the waveforms of 
the propagating breathers (especially the velocity time series of the last granules of the excited 
chains), with the highest frequency content appearing in the modulated dynamics of the coupled 
chain embedded in PDMS matrix and the lowest frequency content in the coupled chain 
embedded in geopolymer matrix (see also the breather comparisons in Figure 3.29). This may be 
attributed to the much higher stiffness of the geopolymer, compared to PDMS and polyurethane. 
In conclusion, the material properties of the embedding matrix appear to affect drastically the 
waveforms of the propagating breathers, but not their realization, which is robust in samples with 
very dissimilar matrices. 
The modulational instability that is responsible for the generation of discrete breathers in 
the coupled granular chain with 0.5mm lateral gap and PDMS matrix can be clearly deduced 
from the results depicted in Figure 3.28, where the existence of discrete breathers is manifested 
by the side bands close to the main harmonic components in the power spectral density of the 
velocity time series of the last bead of the excited chain. Also, from this power spectral density, 
we deduce the higher frequency content of the measured velocity time series, compared to the 
frequency content of the corresponding power spectral density of the propagating breather in the 
single chain embedded in PDMS matrix (cf. Figure 3.25). This indicates that the added matrix  
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Figure 3.29. Comparison of the waveforms of propagating discrete breathers in coupled chains 
embedded in PDMS, polyurethane, and geopolymer matrices; in all three tested samples the 
lateral gap was 0.5mm, and the harmonic excitation had fixed amplitude and frequency equal to 
500 Hz.  
material between the coupled chains enhances the frequency content of the propagating breather, 
which is in accordance to intuition given that the elastic effects of the matrix are reflected in the 
measured dynamics. 
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Another interesting feature of the detected propagating breathers is that the wavelength of 
the localized oscillating wavepacket appears to significantly depend on its maximum amplitude 
and on the material into which the granular chains are embedded. It is well known that material 
dissipation plays an important role on the localized shape of the discrete breathers and envelope 
solitons [46,55,56], since increasing dissipation decreases the amplitude of the envelope of the 
breather, while increasing its wavelength (i.e., the spatial extent of the localized wavepacket). 
Based on these predictions, and given that material damping is much higher in PDMS compared 
to either polyurethane or geopolymer, we can expect that the wavelength of the breather is higher 
in the coupled granular chains embedded in PDMS matrix than in the ones embedded in 
polyurethane or geopolymer. This is confirmed by the comparison of the experimental breathers 
in Figure 3.29, where the largest wavelength is observed in the PDMS sample and the smallest in 
the geopolymer sample. 
In a final series of experiments we studied the effect on the propagating breathers of the 
variation of the lateral gap in coupled chains embedded in PDMS matrix. For each of the tests we 
fixed the excitation frequency at 500 Hz and varied the excitation amplitude. In Figure 3.30 we 
depict these experimental measurements for the coupled chain with 2.5mm lateral gap, and in 
Figure 3.31 for 1.5mm lateral gap. These results need to be compared with the results of Figures 
3.27 and 3.29 where propagating breathers in the coupled chain with 0.5mm lateral gap are 
depicted at 500 Hz excitation frequency. It is clear from Figure 3.30a that no localized breathers 
can be excited in the chain with 2.5mm lateral gap at low excitation amplitudes. This is clearly 
proved by the absence of side bands in the corresponding power spectral density of the measured 
velocity time series, signifying absence of modulational instability. The absence of propagating  
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(a) 
Figure 3.30. (cont. on next page) Experimental response of the coupled chain embedded in 
PDMS matrix with 2.5mm lateral gap and excitation frequency 500 Hz: (a) Absence of 
propagating breathers at low excitation amplitude; from top to bottom we depict the velocity of 
the armature of the shaker, the velocity of the last granule of the excited chain, the force 
transmitted by the last granule of the absorbing chain, and the power spectral density of the 
velocity of the last granule of the excited chain. 
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(b) 
Figure 3.30. Experimental response of the coupled chain embedded in PDMS matrix with 2.5mm 
lateral gap and excitation frequency 500 Hz: (b) propagating breathers at high excitation 
amplitude; from top to bottom we depict the velocity of the armature of the shaker, the velocity 
of the last granule of the excited chain, the force transmitted by the last granule of the absorbing 
chain, and the power spectral density of the velocity of the last granule of the excited chain. 
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(a) 
Figure 3.31. (cont. on next page) Experimental measurements of propagating breathers in the 
coupled chain embedded in PDMS matrix with 1.5mm lateral gap and excitation frequency 500 
Hz: (a) Low excitation amplitude; from top to bottom we depict the velocity of the armature of 
the shaker, the velocity of the last granule of the excited chain, and the force transmitted by the 
last granule of the absorbing chain. 
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(b) 
Figure 3.31. Experimental measurements of propagating breathers in the coupled chain 
embedded in PDMS matrix with 1.5mm lateral gap and excitation frequency 500 Hz: (b) high 
excitation amplitude; from top to bottom we depict the velocity of the armature of the shaker, the 
velocity of the last granule of the excited chain, and the force transmitted by the last granule of 
the absorbing chain. 
breathers can be explained when one considers that these strongly nonlinear motions are realized 
due to modulational instability and represent a dynamical effect of dispersion (caused by 
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discreteness) and nonlinearity. Hence, when the amplitude of the applied excitation (or the 
energy applied to the system) is not large enough, the nonlinear effects in the system with large 
lateral gap are less profound since energy transfers from the excited to the absorbing chain and 
energy transmission within each chain are weakened due to dispersion in the elastic matrix 
between the chains, so the nonlinearity in the system is not strong enough to generate 
modulational instability.  
It follows that to generate propagating breathers in the coupled chain with 2.5mm lateral 
gap, the excitation amplitude should be increased so that the nonlinearity of the response 
becomes strong enough to induce modulational instability in the dynamics; this is confirmed by 
the experimental results of Figure 3.30b where for increased excitation amplitude a propagating 
breather is realized, albeit with no silent regions. Indeed, for this sample with the largest lateral 
gap the propagating breather appears as a slowly modulated oscillation. The presence of 
modulational instability in the response is clearly evidenced by the rich side band structure 
observed in the respective power spectral density. This suggests that there is a critical excitation 
amplitude (or energy level) required for the initiation of modulational instability, after which the 
spatially extended oscillations of the granular chains decay into localized discrete breathers. Our 
experimental finding correlates with previously reported experimental study of the formation of 
localized mode in one-dimensional granular media, where to excite localized mode in band gaps 
(i.e., in frequency ranges where no waves can be transmitted [57]) of heterogeneous granular 
media under harmonic excitation, the amplitude of the driving force had to be increased so that a 
nonlinear regime of the dynamics could be reached [58]. 
In Figure 3.31 we depict the corresponding experimental responses for the PDMS sample 
with 1.5mm lateral gap at 500 Hz excitation frequency. For this smaller gap modulational 
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instability is excited for low as well as high excitation amplitudes. This finding demonstrates that 
less material matrix in-between the granular chains results in stronger nonlinear dynamical 
interactions between the coupled chains, and enhances the nonlinear effects during energy 
transmission in each chain. This can be partially attributed to the reduction of dispersion effects 
in the dynamical interactions between the two chains due to the material matrix between them, 
leading to an overall enhancement of the nonlinearity in the system. 
3.3.2.3 Stop-band dynamics 
The dynamics of the embedded single and coupled granular chains enter a qualitatively different 
regime when the frequency of excitation increases further from the intermediate region of 
propagating breathers. In these high-frequency regimes the granular chains enter a state of strong 
effective compression due to the high-frequency excitation by the shaker, and the dynamics 
develop a predominant linear component and become weakly nonlinear. In essence, in this high-
frequency regime the dynamics of the granular medium becomes almost linear, and develops the 
common features of linear periodic systems at high-frequencies, i.e., stop-band dynamics [38]. 
Then, the granular chains exhibit low amplitude standing wave oscillations . Due to this 
localization in the stop-band the granular medium is incapable of transmitting vibration energy in 
its far field, since all harmonic components are spatially attenuated due its strongly pre-
compressed intrinsic dynamics. As a result, the force transmitted to its right end is greatly 
reduced, and the medium acts as an (almost linear) acoustic filter cutting-off all harmonics. In 
fact, the only surviving dynamics measured at the right ends of the granular chains correspond 
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Figure 3.32: Experimental response of the single chain embedded in PDMS matrix for excitation 
frequency of 5000 Hz; from top to bottom: Force applied by the shaker to the first granule, force 
transmitted by the end granule at the right boundary, and power spectral density and wavelet 
spectrum of the transmitted force (inset shows a detail of the wavelet spectrum). 
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(a) 
Figure 3.33. (cont. on next page) Stop-band dynamics of coupled chains embedded in (a) PDMS 
matrix with lateral gaps of 0.5mm and fixed excitation amplitude and frequency of 5000 Hz; in 
each case we depict the force applied by the shaker to the left boundary of the excited chain 
(top), the velocity of the last granule of the excited chain measured by a laser vibrometer 
(middle), and the force transmitted by the last granule of the absorbing chain (bottom). 
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(b) 
Figure 3.33. (cont. on next page) Stop-band dynamics of coupled chains embedded in (b) 
polyurethane matrix, with lateral gaps of 0.5mm and fixed excitation amplitude and frequency of 
5000 Hz; in each case we depict the force applied by the shaker to the left boundary of the 
excited chain (top), the velocity of the last granule of the excited chain measured by a laser 
vibrometer (middle), and the force transmitted by the last granule of the absorbing chain 
(bottom). 
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(c) 
Figure 3.33. Stop-band dynamics of coupled chains embedded in (c) geopolymer matrix, with 
lateral gaps of 0.5mm and fixed excitation amplitude and frequency of 5000 Hz; in each case we 
depict the force applied by the shaker to the left boundary of the excited chain (top), the velocity 
of the last granule of the excited chain measured by a laser vibrometer (middle), and the force 
transmitted by the last granule of the absorbing chain (bottom). 
to the oscillatory motion of the sample as a whole, with the embedded granular chains 
contributing only through their inertia, with completely absent any nonlinear granular dynamic 
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effects; then, in essence, the embedded granular chain acts as a multi-degree-of-freedom linear 
oscillator (depending on the modes of the matrix-chain assembly that are excited by the shaker) 
whose stiffness and damping properties are determined by corresponding properties of the 
material of the matrix, lacking any internal nonlinear granular dynamics. Key to this dynamic 
behavior is the state of strong effective pre-compression of the embedded granular chain inflicted 
by the high-frequency excitation [38], which nearly linearizes the dynamics. 
This is confirmed by the results depicted in Figure 3.32 for the single granular chain 
embedded in PDMS matrix and forced by a harmonic excitation at 5000 Hz. We deduce that, 
contrary to the applied excitation, in the transmitted force there is a complete absence of high-
frequency harmonic components since they are attenuated by the strongly pre-compressed 
granular chain. In fact, the high effective pre-compression of the chain is evidenced by the 
nonzero average values of both the applied and transmitted forces. The absence of high-
frequency harmonic components in the transmitted force is further proved by its power spectral 
density and wavelet transform spectrum in Figure 3.32, where the harmonic at the frequency of 
the applied excitation (5000 Hz) is highly attenuated, and only low-frequency harmonics are 
present in the output: One harmonic component close to 50 Hz and another one close to 200 Hz. 
These low-frequency oscillations correspond to the low-dimensional response of the matrix-
chain sample oscillating as a whole, with the granular chain contributing only by its inertia, and 
the matrix by its material elasticity and dissipation. We conclude that in this dynamical regime 
(stop-band) the embedded granular chain acts as an (almost linear) acoustic filter, preventing the 
transmission of energy through the granular medium by attenuating all harmonic components 
generated at the local site of the shaker – chain interaction. In this case the only transmitted force 
is due to the low-frequency vibration of the assembly as a whole, with all internal nonlinear 
174 
 
granular interactions being dissipated by the intrinsic dynamics itself. These results highlight the 
high tunability of the considered acoustic metamaterial, since depending on the frequency (and 
amplitude) of the applied harmonic excitation its dynamics can range from strongly nonlinear 
and propagatory (in low-frequency pass-bands and intermediate-frequency regimes of breather 
formation) to almost linear, oscillatory and attenuatory (in high-frequency stop-bands). This 
passive tunability of the dynamics can find application in designs of a new class of highly 
discontinuous metamaterials usable as acoustic filters, and shock / vibration mitigators. 
Similar stop-band dynamics was observed in all tested embedded coupled granular 
chains, for each of the three material matrices considered in our study. Representative results are 
depicted in Figure 3.33, which clearly demonstrate the stop-band dynamics of coupled granular 
chains with 0.5mm lateral gaps embedded in PDMS, polyurethane, and geopolymer matrices. 
This further proves the robustness of this high-frequency dynamic regime. 
 These results conclude our experimental study. In the next section we discuss 
mathematical models that were constructed to theoretically simulate the dynamics of the 
considered single and coupled embedded granular chains. The model considered in this case is 
similar to model (3.1) [59], where energy transmission and exchange in impulsively excited 
coupled granular chains embedded in PDMS matrix were considered, in an effort to gain 
predictive design capability for the nonlinear dynamics of these systems. In the following section 
we focus only on the intermediate-frequency regimes of breather formation in order to show that 
the previous experimental results can be qualitatively recovered by models that, although 
simplified, are capable of capturing the important nonlinear dynamics in these regimes. 
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3.3.3 Theoretical modeling 
In this section we provide a theoretical study that predicts the discrete breathers propagating 
through granular chains embedded in matrices. Although we consider only intermediate-
frequency dynamics our models are capable of representing pass- and stop-band dynamics as 
well, but this study is omitted from further consideration. Motivated by the mathematical model 
developed in Section 3.2.2 (see also [59]), we approximate the experimental samples discussed 
previously by simplified models of coupled granular crystals consisting of either single (Figure 
3.34a) or coupled (Figure 3.34b) one-dimensional homogeneous chains of identical elastic 
spherical granules initially in contact. We assume nonlinear Hertzian interactions between 
interacting granules governed by the force-displacement law 3/2f Cd , where d is the overlap 
displacement between granules, C  the coefficient of the Hertzian interaction (dependent on size 
and material [59]), and f  the resulting compressive force. We note that variations or deviations 
from the 3/2 nonlinear exponent can cause shifts in the intermediate-frequency ranges at which 
propagating breathers are predicted by the models. Boechler et al. [58] studied band gaps in 
heterogeneous periodic chains (dimers), and carried out sensitivity analysis to study the possible 
causes of frequency up-shifts observed in their experimental data when compared to predicted 
values estimated from theory. They found that a small shift of about 1.8% in the value of the 
nonlinear exponent of the Hertzian interaction law can cause an approximately 12% shift in the 
predicted band frequency edges. 
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(a) 
 
(b) 
Figure 3.34. Mathematical models for (a) a single chain, and (b) coupled granular chains 
embedded in an elastic matrix. 
 
In the theoretical models of Figure 3.34, we further assume that the granules of each 
chain are constrained to move only in the horizontal direction; all granules are made out of 
stainless steel granules with uniform diameter 9.5mm and mass  , and that a prescribed base 
excitation  F t  is applied to the first bead of the single chain, or the first bead of the excited 
chain of the coupled system. Moreover, in the model of coupled chains only local coupling (with 
stiffness constant 2k ) between the corresponding beads of each chain is considered. In addition, 
the surrounding matrix is assumed to be linearly elastic, and is modeled by introducing a linear 
elastic foundation (i.e., a linear on-site potential) with stiffness constant    in each chain, and 
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linear coupling springs with stiffness constant   between interacting granules of each chain. 
Finally, similar to Section 3.2.2 ([59]), proportional viscous dissipation is imposed in order to 
model material damping in the surrounding matrix and dissipative effects during granular 
interactions in the respective experimental systems. The interaction of each granule with the 
surrounding matrix is modeled by the viscous damping coefficient
1k
 , the dissipation during 
Hertzian interactions between neighboring granules by the damping coefficient   , and energy 
losses due to coupling matrix effects between neighboring chains by the damping coefficient 
2k
 . 
Under these assumptions the governing equations of motion for the model of embedded coupled 
chains depicted in Figure 3.34b are expressed as (similar equations hold for the model of Figure 
3.34a):  
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where   ( ) and   ( ) are the displacements of the   −  ℎ granules of the excited and absorbing 
chains, respectively;  (∙) is the Heaviside function; and 1,...,11,n  with  0 ( ),x t F t   12 0,x t  
   0 12 0 y t y t . The parameter 0  models the applied pre-compression of the chain scaled by 
the common radius of the granules, and to model the excitation applied by the shaker the 
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prescribed base periodic excitation    sinF t A t  is applied to the first bead of the excited 
chain. Moreover, for a single chain we set the coupling parameters 
22
, and kk   equal to zero. 
 Based on the experimental results of Section 3.3.2.2, propagating discrete breathers are 
realized at the intermediate frequency range of 400-700 Hz for both single and coupled 
embedded chains. Assuming PDMS matrix, the parameters of the model are taken from Section 
3.2.2, where related experimental tests with impulsive excitation were carried out and a 
systematic identification of the stiffness and damping parameters was performed. What we 
change in the present study are the parameters of the elastic foundation 1k  and the associated 
viscous damping term
1k
 , given that the configuration of the experimental fixture is different. 
Indeed, contrary to the fixture considered in Section 3.2.1 Figure 3.2, in the current experimental 
setup (Figure 3.20), the lateral motion of the experimental sample was restricted by using 
additional Teflon sheets on its sides, which is expected to change the stiffness and damping 
properties of the foundation compared to the systems tested in Section 3.2. 
 In Figure 3.35 we depict the time series of transmitted force at the right boundary of a 
single chain with parameters   = 0.0036  , 71
63.16 10 m, 1.05 1 N0 ,N/ m/k    
1 1
0.78 Ns/m, 0.29 Ns/m k  , 22 0, kk   and 
6
0 0.05 10 m
  , forced by a harmonic base 
excitation with amplitude 
611.66 10 mA    and frequency 500 Hz. The realization of a 
propagating localized wave packet (breather) is clearly evident from these results. Moreover, 
silent zones between wavepackets are noted, which can be tuned depending on the excitation 
amplitude, the foundation stiffness and the static pre-compression. This is demonstrated by the 
results of Figure 3.36 where the waveforms of, and silent zones between, the propagating 
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wavepackets at excitation frequency of 500 Hz have been changed by varying the stiffness 
coefficient    of the elastic foundation and the amplitude of the applied excitation A . These 
numerical results are qualitatively similar to the experimental results presented in Figure 3.26 for 
the single chain embedded in PDMS matrix, which demonstrates the capacity of the simplified 
model (3.4a,b) to qualitatively capture the breather dynamics in the intermediate frequency 
range. 
 
 
Figure 3.35. Numerical simulation of transmitted force corresponding to breather propagation in 
the single chain with excitation amplitude 11.66A m  and frequency 500 Hz; note the silent 
regions between the transmitted oscillatory wavepackets.  
 
Similar results were obtained for systems with coupled chains when the experimentally 
measured propagating breather responses were numerically reconstructed. In addition, the model 
can help in the study of nonlinear energy transfers between the excited and absorbing chains and 
for predictive design of this acoustic metamaterial for prescribed energy exchanges [59]. In the 
numerical simulations we have taken into consideration the two remaining coupling parameters 
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22
, and kk  , and prescribed harmonic base motion of the first bead of the excited chain with 
driving frequency 500 Hz and varying excitation amplitude. 
 
 
(a) 
 
(b) 
Figure 3.36. Numerical simulation of transmitted force for breather propagation in the single 
chain at 500 Hz with (a) excitation amplitude 
67.0 10 mA    and coefficient of elastic 
foundation 71 3.16 mN10 /k   , and (b) 
646.65 10 mA    and 71 9.48 mN10 /k   ; note the 
variability of the waveforms of the localized wavepackets and the silent zones between them. 
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 In Figure 3.37 we depict the transmitted force at the right boundary of the absorbing 
chain and the velocity of the last granule of the excited chain for a coupled chain with 
normalized parameters 71 3.16 /10 m,Nk    
61.05 1 ,/0 mN    1 0.29Ns/m,   
1
0.78Ns/m,k 
6
0 0.05 10 m,
   
4
2 7.42 / ,10 mNk    2 1.4 Ns/mk  , with excitation 
amplitude 
611.66 10 mA    and frequency 500 Hz; according to the identification performed 
in Section 3.2.2 these coupling parameters correspond to 0.5mm lateral gap between chains 
embedded in PDMS matrix. The numerical results are qualitatively similar to the experimental 
results presented in Figure 3.27a, and show clearly the formation of the propagating breather in 
this system, and the resulting intense nonlinear energy exchanges between the excited and 
absorbing chains. 
By increasing the coupling stiffness parameter 2k  we induce stronger coupling between 
the two chains (as in the cases of granular chains embedded in polyurethane or geopolymer 
matrices), and affect the waveforms of the propagating localized wavepackets. In Figure 3.38 we 
present numerical simulations for a coupling stiffness parameter 10 times higher than the one 
used in the simulation of Figure 3.37 (and identified in Section 3.2.2 [59]), and with the other 
parameters kept fixed. From these simulations we deduce the persistence of the propagating 
breather in the system with stronger coupling and the corresponding intensification of the 
nonlinear energy exchanges between the granular chains. 
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Figure 3.37. Numerical simulation of transmitted force for breather propagation in the coupled 
chain with 0.5mm lateral gap at 500 Hz and excitation amplitude
611.66 10 mA   ; transmitted 
force at the right boundary of the absorbing chain (top), and velocity of the last granule of the 
excited chain (bottom). 
 
These numerical simulations demonstrate the capacity of the simplified models of Figure 
3.34 to reproduce qualitatively the propagating breathers in single and coupled embedded 
granular chains. Similar results can be obtained for the pass and stop-band dynamics of the 
experimental systems, indicating that these simplifying models can be used in a predictive 
capacity when designing granular metamaterials with prescribed properties and energy 
exchanges between the chains. This effort can be achieved by systematic identification of 
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parameter properties of the experimental fixtures adopting optimization procedures similar to 
those developed in Section 3.2.2 [59], followed by parametric studies for determining optimal 
material system designs. 
 
Figure 3.38. Numerical simulation demonstrating the persistence of the propagating breather in 
the coupled chain with 10 times stronger coupling stiffness between the chains compared to the 
system considered in Figure 3.37; transmitted force at the right boundary of the absorbing chain 
(top), and velocity of the last granule of the excited chain (bottom). 
3.3.4 Summary 
In this section we experimentally studied the acoustic pass- and stop-bands, and the formation of 
propagating breathers in harmonically excited single or coupled ordered granular chains of steel 
beads embedded in three different types of matrix, namely PDMS, polyurethane and 
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geopolymer. In agreement with theoretical predictions of previous works we confirmed the 
strongly nonlinear pulse-like responses of these highly discontinuous media in low-frequency 
pass-bands, and their almost linear attenuatory dynamics in high-frequency stop-bands. Hence, 
we experimentally demonstrated the high tunability of this class of acoustic metamaterials to 
frequency (and energy) and proved that their dynamics undergo significant qualitative changes 
with varying frequency. Moreover, we experimentally proved that propagating breathers are 
formed at intermediate frequency ranges, representing a strongly nonlinear intermediate state of 
the granular dynamics in the transition between pass-bands and stop-bands. The propagating 
breathers were robustly excited in both single and coupled chains and with matrices with 
drastically different stiffness and dissipative material properties. These motions are generated 
due to modulational instability and are formed by a dynamical balance of the nonlinear Hertzian 
interactions in the embedded granular chains, the on-site potential provided by the matrix and the 
discreteness of the medium. Simplified theoretical models of these highly complex acoustic 
metamaterials theoretically confirm the existence of discrete breather responses at intermediate 
frequency regimes. 
 The findings reported in this work have potential applications in the design of acoustic 
metamaterials incorporating intentional strong nonlinearity. These media can be applied as 
acoustic filters, i.e., as passive dissipaters of disturbances generated by shock and vibration at 
specific frequency and energy ranges. Moreover, the formation of propagating breathers in this 
class of strongly nonlinear metamaterials can find application in passive energy redirection 
designs. Indeed, as shown in Chapter 2 coupled granular chains can be designed to support 
propagating breathers and passive wave redirection by implementing spatial Landau-Zener 
tunneling. This effect, which was first studied in a quantum mechanical context, induces slow 
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uni-directional transfer of energy between coupled dynamical systems in resonance when spatial 
stratification of the foundation stiffness results in gradual escape from the resonance state. Such 
designs can result in granular metamaterials with the capacity to passively redirect shock-
induced disturbances to a priori determined paths, where they are localized and effectively 
dissipated locally. In general, the results of this section can contribute to the design of practical 
nonlinear granular metamaterials that are tunable and adaptive to different types of external 
broadband or narrowband excitations. 
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CHAPTER 4 
DYNAMICS OF GRANULAR NETWORKS WITH DISCONTINUOUS LATERAL 
BOUNDARY CONDITIONS 
In this final chapter we study pulse propagation and localization in a system of a two-
dimensional granular network composed of two coupled granular chains with spherical beads 
accommodating interstitial spherical intruders with discontinuous lateral boundary conditions 
and under impulsive excitation. We show that the presence of polydispersity within this network 
leads to either pulse propagation or localization. It is found that the dynamic response of this two 
dimensional granular array with discontinuous nonlinear lateral boundary conditions is 
dependent on the material and mass ratio of the interacting beads, but does not dependent on 
their number of interacting granules or beads.  
Moreover, from the spatial distribution of impulsive energy within the network, it is 
observed that the impulsive energy is either diffracted and transmitted in the axial direction 
within the network, or is scattered and localized close to the point of its generation. Hence, we 
provide an example of a practical granular network with intrinsic dynamics capable of spatially 
confining impulsively applied energy. This set-up can be used as wave arrestor by entrapping 
propagating pulses and confining them in a spatial location within the network. Although 
eventually the entrapped energy leaks and ‘spreads’ through the boundaries of this localization 
domain, its intensity is considerably reduced compared to the initially applied impulse.  
We note that these passive localization features are solely due to the nonlinear on-site 
potentials of the granular chains that are generated by the discontinuous lateral boundary 
conditions, and were not encountered in the previous granular network designs studied in 
previous chapters. In addition, and in agreement with previous results reported in Chapter 2, the 
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present network can be designed for energy equi-partition between the two coupled chains with 
the response being in the form of propagating oscillating wave packets with localized envelopes. 
These results demonstrate the high tunability of the nonlinear dynamics of the granular network 
with energy and material properties. 
4.1 System description and theoretical modeling 
A schematic of the two dimensional granular network with discontinuous (saw-tooth) lateral 
boundary conditions is shown in Figure 4.1. The motivation for such an arrangement arises from 
the scalar model of two coupled granular chains mounted on elastic foundations, studied in 
Chapter 2 (see also [1–4]). With the saw-tooth profiles of the lateral boundary conditions, 
however, the lateral boundaries of the present network generate nonlinear on-site potentials for 
both granular chains due to the strongly nonlinear Hertzian interactions of each flat segment of 
the boundary with the beads of the two chains.  
 
Figure 4.1. Schematic diagram of two dimensional granular network. 
The granular network depicted in Figure 4.1 consists of two finite coupled, uncompressed 
granular chains mounted on discontinuous (saw-tooth) nonlinear elastic foundations and coupled 
by strongly nonlinear non-smooth stiffness provided by interstitial light beads or intruders. Each 
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chain consists of   identical linearly elastic spherical granular beads, which are in touch with 
one another (hence essentially nonlinear). To numerically study the dynamic behavior of this 
granular network we have extended the theoretical models developed in previous sections (such 
discrete element model have been extensively used in the literature on granular media, e.g., see 
[5,6]). Referring to Figure 4.1, pix  and 
p
iy  denote the 1 e  and 2 e component displacements, 
respectively, of the i th  bead, 1,2,...,i N , of the p th  chain, 1,2p , for the two chains 
composed of ‘heavy’ beads; whereas ix
  and iy
  denote the 1 e  and 2 e component 
displacements, respectively, of the i th  ‘light’ bead, 1,2,..., 1i N  , of the intermediate chain 
of interstitial intruders. The left boundaries of the two chains are assumed to be free, whereas the 
right boundaries are assumed to be in touch with fixed heavy beads (playing the role of rigid 
walls). The beads of both chains are allowed to move both in the horizontal and vertical 
directions, which render this topological arrangement a realistic two-dimensional granular 
network. Further, we denote the lower chain as the excited chain, and upper chain as the 
absorbing chain. In similarity to the previous studies in this work, the effects of gravity, rotation, 
dry friction and plasticity of the beads are neglected. We assume that an initial axial impulsive 
excitation is applied to the excited chain. The governing equations of motion for the interior 
heavy beads of the absorbing and excited chains are given by: 
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(4.1a) 
where,   = 2,… ,  − 1, and   = 1,2 with 3 1i ix x  and 
3 1i iy y . The equations of motion of 
interstitial intruders are given by: 
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(4.1b) 
where,   = 1,… ,  − 1, and    = 1,2  with 3 1i ix x  and 
3 1i iy y . We note that due to geometrical 
constraints (the intruders need to fit in between the heavy beads) the radius of the light bead is 
equal to  √2 − 1  , where   is the radius of the heavy bead. Considering that the left 
boundaries of the excited and absorbing chains are free and the right ones are restricted by fixed 
heavy beads, we express the equations of motion of the granular network as follows: 
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(4.1c) 
where    = 1,2 with 3 1i ix x  and 
3 1i iy y . 
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In equations (4.1), the parameters ,   and   are the nonlinear Hertzian coefficients for 
heavy-heavy, heavy-light and heavy-wall interactions, respectively. Here, andpi im m
  denote 
the masses of the heavy and light beads, respectively and R  the radius of each heavy bead. The 
angle   of the saw-tooth lateral boundary defines the strength of the non-smooth foundation 
stiffness (see Fig. 4.1). For the sake of simplicity, we assume that 060  , and to ease the 
numerical study, we further consider that the wall is made of the same material as the heavy 
beads of the excited and absorbing chains (this eliminates the need to introduce an additional 
Hertzian coefficient in the problem). Finally,   denotes the intensity of the applied impulse in 
the axial direction of the excited chain (  = 1). 
After applying appropriate non-dimensionalizations for the displacements and the 
normalized time variable,  
1/2
222 /12 H H HR tE     , we obtain a set of non-dimensional 
governing equations of motion. Interestingly enough, in the normalized governing equations the 
dynamics of the granular network shown in Figure 4.1 is governed by only two non-dimensional 
parameters, namely the normalized mass ratio / pi im m
  (denoting the mass ratio between the 
light and heavy beads), and the normalized stiffness ratio (characterizing the impedance 
mismatch at heavy-light bead interfaces), defined as: 
         
1 1 1/22 2 2 22 2 1 1 1 1 / 1 1 /
             L L H H L L H H L LE R E R E E R R      
Here, H, , ,H HE R   are the elastic modulus, Poisson’s ratio, density and radius of each heavy 
bead, and   , , 2 1L L LE R R    are the elastic modulus, Poisson’s ratio and radius of each 
light bead, respectively.  
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The existence of only two parameters in the normalized equations of motion is due to the 
fact that each heavy bead interacts with both its neighboring heavy and light beads and the 
discontinuous lateral boundary (which is composed of the same material as the heavy beads), but 
each light bead interacts only with its neighboring heavy beads (and not with any other light bead 
or the lateral boundaries). Assuming that the mass of a light beads (i.e., an interstitial intruder) is 
smaller than that of a heavy bead, the range of permissible values of the normalized mass ratio is 
0 ≤   ≤ 1, with the limiting values corresponding to the cases of either absence of interstitial 
intruder or of intruder mass being identical to the heavy bead mass. However, due to the 
geometrical constraint on the radius of each light bead, the mathematical range for the 
normalized stiffness ratio is 0 1.53  .  
 It is clear that the governing equations of motion possess strong geometric and material 
nonlinearities, so in the next section we resort to numerical simulations to study the dynamical 
response of the network. We will be interested in investigating the different response regimes of 
the granular chains when an impulsive excitation is applied to the excited (lower) granular chain, 
and in particular, the effects of the interstitial intruders and the lateral discontinuous boundaries 
(nonlinear on-site potentials) on pulse propagation. 
4.2 Computational study 
We will numerically study in detail the dynamics of the granular network for different values of 
the normalized mass and stiffness ratios, without any dissipative forces and no prior pre-
compression, i.e., in the strongly nonlinear regime. To explore the efficacy of the granular 
network for wave arrest and confinement, we will apply an impulsive excitation to the left free 
boundary of the excited (lower) chain and compute the maximum transmitted forces at the right 
boundaries of the excited and absorbing chains that are connected to rigid walls. It will be 
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assumed that the network is at rest prior the application of the impulse. In the simulations 
throughout this chapter the excited and absorbing chains were composed of   = 30 heavy beads, 
and the intermediate chain of interstitial intruders of 29 light beads. However, as shown later the 
transmitted forces (and the nonlinear dynamics) for this granular network does not depend on the 
specific number of beads in either chain. Moreover, unless otherwise mentioned, a total 
normalized simulation time of 500  was chosen; a convergence study revealed that this time 
window was sufficient for the numerical investigation. This time window was maintained for all 
numerical computations presented in the following sections. 
A systematic computational study was performed by recording the maximum transmitted 
forces (over the aforementioned time window of numerical integration) to the right (fixed) 
boundaries of the two chains for varying normalized ratios   and  . These transmitted forces 
indicate the scattering experienced by the propagating pulses in the excited and absorbing chains 
due to interactions with the interstitial intruders and the lateral discontinuous boundaries. We 
note that in contrast to the granular networks considered in previous chapters, in the present 
network there is the possibility for pulse transmission or scattering not only in the axial but also 
in the lateral direction. It follows that by suitable selection of the normalized ratios (i.e., the 
properties of the interacting beads/granules) it could be possible that a significant portion of an 
axially propagating pulse is scattered in lateral nonlinear oscillations (e.g., standing waves 
confined between the lateral boundaries), leading to drastic attenuation of the pulse. Interestingly 
enough, this pulse attenuation would result solely due the lateral scattering of the pulse, i.e., by 
the intrinsic dynamics of the granular network, and not due to any dissipative effects which are 
absent in the present system. In effect, such a scenario would amount to low-to-high frequency 
scattering of the propagating pulse, with ensuing drastic reduction of its amplitude.  
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Another possibility would be nonlinear motion confinement of the impulsive response 
due to the excitation of intrinsic nonlinear modes confined close to the left boundary of the 
network. Such ‘surface’ nonlinear modes have been studied in smooth particle chains with on-
site nonlinear potentials and, at least in principle, could be realized in the present network due to 
the nonlinear on-site potentials that arise due to the discontinuous lateral boundaries. This 
discussion underscores the interesting and complex dynamics that the coupled granular system 
can exhibit.  
 
 
Figure 4.2. Contour plots of the normalized transmitted force for (a) the excited and (b) the 
absorbing chains, each composed of 30N  beads, for maximum normalized time 500 , and 
normalized impulsive axial excitation equal to 41 10 . 
(a) (b) 
Stop band 
(oscillatory response) 
Pass band 
(propagatory response) 
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In Figure 4.2, we depict the normalized transmitted forces at the right boundaries of the 
excited and absorbing chains with varying mass ratio   and stiffness ratio  . The transmitted 
forces were normalized with respect to the corresponding transmitted force in a one-dimensional 
homogeneous chain composed of only heavy beads and no lateral boundaries (i.e., with 00  ). 
The intensity of the normalized applied axial impulse was set to 41 10 , which was within the 
range of elastic deformations of the spherical beads and the assumption of Hertzian interactions 
between beads. Note that since the model (4.1) is not rescalable with energy, its nonlinear 
dynamics is expected to depend on the intensity of the applied impulsive excitation. Under 
appropriate assumptions, however, this restriction can be alleviated as discussed in the next 
section. 
From the plots of Figure 4.2 we deduce the existence of distinct dynamical regimes in the 
response of the granular network of Fig. 4.1. An initial observation is that the two plots for the 
absorbing and excited chains are nearly identical, indicating pulse and energy equi-partition in 
the two chains. This equi-partition results due to the weak coupling between the chains of heavy 
beads introduced by the intermediate chain of interstitial (light) intruders, a result which is in 
agreement with the pulse equi-partition results discussed in previous sections of this work (see 
Chapter 2 for more detail). We note, however, that a basic difference in this case is that the 
coupling provided by the intruders is strongly nonlinear in this case (since it originates from the 
lateral Hertzian interactions between heavy and light beads), in contrast to previous systems 
considered in this Dissertation where the coupling between granular chains was linear. 
Considering the features of these contour plots in more detail, dark areas correspond to 
networks where normalized transmitted forces to the right boundaries attain small maximum 
values, whereas light areas to networks where relatively large transmitted forces are realized. 
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This helps us to deduce that there are two distinct regimes for the nonlinear dynamics. For small 
values of   or  , the maximum transmitted force to the right boundary of the granular network is 
relatively large, indicating that the pulse generated by the applied impulse at the left boundary 
propagates to the far field. Hence, this regime is designated as a pass band or as propagatory 
regime of the dynamics. On the contrary for moderate or large values of   and   the level of 
maximum transmitted force is small, indicating inability of the pulse to propagate in the far field. 
As shown below in that regime there occurs nonlinear localization of the dynamics in the vicinity 
of the left boundary of the network (where the external impulse is applied) and passive motion 
confinement takes place. Hence, we designate this region as the stop band or as oscillatory 
regime of the dynamics. 
From the plots of Fig. 4.2 we note that that the stiffness ratio   has significant effect on 
the propagatory and oscillatory dynamics. Indeed, for a fixed value of  , the normalized 
transmitted force reaches minimum for higher value of  , leading to maximum primary pulse 
attenuation; on the contrary, smaller values of   lead to maximum pulse propagation to the far 
field. This distinctly different dynamics is caused by the level of scattering of the propagating 
pulse at the interfaces of heavy-heavy and heavy-light beads.  
In Figures 4.3 and 4.4 we present snapshots of the axial and transverse displacements of 
the beads of the excited and absorbing chains in the pass band and the stop band. In each plot we 
depict the spatial distributions of the displacement components at four different time instants. 
Note the spatially extended response of the network in the pass band (Fig. 4.3) and the spatially 
localized response in the stop band. Moreover, the aforementioned two distinct dynamical 
regimes are robust even for different, but physically realizable (i.e., within the approximations of 
the mathematical model (4.1)) applied impulses, as shown in Figure 4.5.  
207 
 
 
 
Figure 4.3. Snapshots of (a) axial and (b) lateral displacements of the two chains of the granular 
network for   = 0.12 and   = 0.133 (pass band) and normalized impulse magnitude 41 10 . 
  
(a) 
(b) 
Excited chain 
Absorbing chain 
Absorbing chain 
Excited chain 
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Figure 4.4. Snapshots of (a) axial and (b) lateral displacements of the two chains of the granular 
network for   = 1.0 and   = 1.5 (stop band) and normalized impulse magnitude 41 10 . 
(a) 
(b) 
Excited chain 
Absorbing chain 
Absorbing chain 
Excited chain 
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(a) 
 
(b) 
Figure 4.5. Contour plots of the normalized transmitted force for (a) the excited and (b) the 
absorbing chains, each composed of 30N  beads, for maximum normalized time 500 , and 
normalized impulsive axial excitation equal to (a) 21 10 , and (b) 61 10 . 
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4.2.1 Propagatory responses and traveling breathers in the pass band 
In the pass band (or propagatory regime of the dynamics – cf. Figures 4.2 and 4.3), the applied 
impulse generates pulses that propagate in the far field of the chain, with simultaneous strong 
energy exchanges occurring between the excited and absorbing chains. Moreover, in this 
propagatory regime, it is also possible to redirect and redistribute the propagating pulse either in 
the excited or absorbing chains. In Figure 4.6 the contour plots of instantaneous kinetic energy of 
the beads in both chains are depicted in space-time diagrams.  
For the granular network whose response is depicted in Fig. 4.6a the impulsive energy is 
mainly confined in the excited chain (where it is generated) and a minor portion of this energy is 
transmitted to the absorbing one. It is interesting to note that these energy exchanges between the  
 
(a) 
Figure 4.6. (cont. on next page) Space-time contour plots of the instantaneous kinetic energy in 
the pass band: (a) Major portion of energy in the excited chain for 0.001 and 0.01   . 
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(b) 
Figure 4.6. Space-time contour plots of the instantaneous kinetic energy in the pass band: (b) 
energy redirection in the absorbing chain for 0.01 and 0.1   . 
two chains are realized through nonlinear beat phenomena in the initial, highly energetic regime 
of the dynamics, whereas in later times we observe energy propagating to the far field of the 
excited chain but not of the absorbing one. 
A different type of dynamics is observed for the granular network whose response is 
depicted in Fig. 4.6b. Although the dynamics is still in the pass band, we now deduce energy 
redirection from the excited to the absorbing chain. In particular, after the initial beat phenomena 
in the early-time dynamics, the major portion of the dynamics is confined in the absorbing chain 
where energy propagates in the far field. In this case the energy remaining in the excited chain is 
smaller and limited energy propagation to the far field is realized. 
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These results highlight the very complicated propagatory dynamics that can be realized in 
the granular network depicted in Fig. 4.1. In fact, an additional interesting dynamical 
phenomenon occurs within the propagation regime, where instead of confinement of the major 
portion impulsive energy in one of the two chains, energy gets equi-partitioned between the two 
chains and and propagates towards the far fields of both chains (Figure 4.7). Interestingly 
enough, the energy equi-partition is realized in the form of propagating oscillating wave packets 
with localized envelopes, or propagating breathers. It was shown in Chapter 2 (see also[2.3]) that 
 
(a) 
Figure 4.7. (cont. on next page) Pulse and energy equi-partition in the form of traveling 
breathers in the granular network with 0.004 and 1.5   : (a) Contour plots of 
instantaneous kinetic energy in both chains; note the nearly in-phase oscillations. 
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(b) 
Figure 4.7. Pulse and energy equi-partition in the form of traveling breathers in the granular 
network with 0.004 and 1.5   : (b) time series of selected bead displacements in both 
chains; note the nearly in-phase oscillations. 
the formation of this type of propagating breathers in nonlinear chains is caused by on-site 
potentials; in the present network the propagating breathers are realized by the on-site nonlinear 
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potentials generated by the discontinuous lateral boundary conditions. The existence of 
propagating brethers leading to strong energy exchanges between the two chains further 
underscores the complex nonlinear dynamics that occur in the pass band of this network. 
4.2.2 Oscillatory responses in the stop band 
Contrary to the regime of propagatory dynamics, the oscillatory regime corresponds to 
attenuation of the propagating pulses and localization of the impulsive energy close to the left 
boundary of the network (see Fig. 4.4). In oscillatory dynamics, bead separations occur leading 
to strongly nonlinear dynamics due to bead collisions (in contrast, in the propagatory regime no 
intense bead collisions occur). In addition, in the propagatory regime neighboring beads of the 
same chain oscillate nearly in-phase; whereas in the oscillatory regime, neighboring beads of the 
same chain oscillate nearly in an out-of-phase fashion, so that bead separations take place. 
Moreover, for the case of oscillatory dynamics, the lower the maximum normalized transmitted 
force is, the more intense energy localization in the vicinity of the applied impulse is. Moreover 
the spatial domain, over which this energy localization occurs, highly depends on the normalized 
mass and stiffness ratio of the network (as shown in Figures 4.8a and 4.8b).  
In Figures 4.8a and 4.8b we depict the contour plots of instantaneous kinetic energies of 
the beads of the excited and absorbing chains for two different combinations of normalized mass 
and stiffness ratios. In both cases, the dynamics is in the stop band (oscillatory regime), and 
spatial localization of the impulsive energy takes place close to the left boundary of the granular 
network. This spatial localization phenomenon is robust even for different, but physically 
realizable, impulsive excitation cases as shown in Figure 4.9. 
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(a) 
 
(b) 
Figure 4.8. Contour plots of instantaneous kinetic energy in space and time showing localization 
of energy: (a) 1.0 and 1.0   , and (b) 1.0 and 1.5   ; the applied normalized impulse 
excitation is equal to 41 10 . 
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(a) 
 
(b) 
Figure 4.9. Contour plots of instantaneous kinetic energy in space and time showing localization 
of energy for the granular network with 1.0 and 1.5   , and applied normalized impulse 
excitation is equal to (a) 21 10 , and (b) 61 10 . 
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4.3 Energy propagation and nonlinear localization 
In the previous section, we have seen that depending on the material property and mass ratio of 
the interacting beads or granules, both localization and propagation of energy is possible in the 
granular network. In this section, we would like to discuss the dynamical mechanisms that are 
responsible for these nonlinear phenomena. From Figures 4.8 and 4.9 where the dynamics in the 
stop band is depicted, it is clear that localization of energy occurs in the granular network within 
the first ten beads whereas the rest of the beads remain nearly quiescence. Because of the nature 
of the geometry of the setup, this energy localization is not permanent, in the sense that 
eventually the spatially localized energy ‘leaks’ from the region of initial localization and 
‘spreads’ to the entire network, however, this energy leakage is delayed and of low intensity. 
First we would like to study the neighboring beads arrangement during the formation of 
the localized state in the stop band. In Figure 4.10 we depict the time series of the axial velocity 
components of the leading beads of the excited and absorbing chains. In each row of each plot 
we depict (displaced for clarity) the velocity profiles of two adjacent beads for comparison 
purposes, and it is clear that, the motion of each bead of the excited chain is nearly out-of-phase 
with its neighboring beads and similarly; a similar observation holds for each bead of the 
absorbing chain. 
Further, if we observe the axial and transverse velocity components of the leading beads 
of excited and absorbing chain (Figure 4.11), we note that the axial velocity components of the 
excited and absorbing chains are in-phase with each other, whereas the corresponding transverse 
velocity components are out-of-phase with each other. 
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(a) 
 
(b) 
 
Figure 4.10. Typical time series for stop band dynamics (  = 1.0,   = 1.5) of the axial velocity 
components of the leading beads of, (a) the excited chain, and (b) the absorbing chain. 
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(a) 
 
(b) 
Figure 4.11. Typical time series for stop band dynamics (  = 1.0,   = 1.5) of (a) axial velocity 
components and (b) transverse velocity components of the leading beads of the excited and 
absorbing chains. 
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A quite interesting phenomenon occurs if we observe axial velocity components of: 
n th  bead of excited chain versus  1n th   bead of absorbing chain (Figure 4.12a), and 
n th bead of excited chain versus  1n th   bead of absorbing chain (Figure 4.12b). We 
observe that excited chain n th  bead axial velocity component is out-of-phase with both 
 1n th   bead and  1n th   bead of absorbing chain axial velocity component. These out-of-
phase axial oscillations of the leading beads of the two chains of the network give rise to 
localization the impulsive energy close to the left boundary. 
 
(a) 
Figure 4.12. (cont. on next page) Typical time series for stop band dynamics (  = 1.0,   = 1.5) 
of the axial velocity components of the leading beads of, (a) n th  bead of excited chain versus 
 1n th   bead of absorbing chain. 
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(b) 
Figure 4.12. Typical time series for stop band dynamics (  = 1.0,   = 1.5) of the axial velocity 
components of the leading beads of  (b) n th bead of excited chain versus  1n th   bead of 
absorbing chain. 
However, this is not true for the case of propagatory dynamics in the pass band. In this 
case the axial velocity components of the leading beads of the excited and absorbing chains are 
nearly in-phase with their neighboring beads. These nearly in-phase motions are responsible for 
strong momentum transfer and pulse propagation in the two chains in the propagatory regime 
(pass band). 
We conclude that when energy localization is realized in stop bands of the granular 
network the axial motions of the leading beads of the excited and absorbing chains are out-of-
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phase with the motions of their neighboring beads. The reverse holds when energy propagation 
occurs in pass bands, where the axial motions of the beads in both the excited and absorbing 
chains are in-phase with the motions of their neighboring beads. 
4.4 Summary 
We presented a numerical investigation of pulse propagation and energy localization in a 
granular network with nonlinear on-site potential provided by discontinuous boundary 
conditions, and nonlinear coupling provided by a row of interstitial intruders. This two-
dimensional granular medium was simulated by considering assemblies of spherical beads 
(granules) that interact through Hertzian interactions. Our results indicate that the presence of the 
interstitial intruders has significant effect on the pulse propagation in the network, since 
depending on their properties the network can either propagate externally induced impulsive 
energy to its far-field, or can attenuate this energy by spatially confining it close to the location 
where it is applied. Moreover, this spatial energy localization is entirely due to the intrinsic 
nonlinear dynamics of the network, since they are realized without assuming any source of 
dissipation. 
Hence, we showed that this network possesses pass and stop bands where the dynamics is 
either of propagatory type or of oscillatory type, respectively. In the pass band the dynamics is 
quite complex since, depending on the properties of the heavy and light beads of the network, 
propagating breathers, nonlinear beat phenomena, and partial- or equi-partition of energy in the 
excited and absorbing chains can occur. In stop bands we showed that the impulsive energy is 
passively confined close to the left (free) boundary of the network, with the region of localization 
depending on the properties of the light and heavy beads. 
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These findings provide one more demonstration of a practical acoustic metamaterial 
based on granular media, with highly tunable dynamics and nonlinear dynamical behavior that 
can be implemented for vibration and shock isolation. Although this was not performed here, the 
possibility exists of implementing targeted energy transfer and passive redirection designs in this 
system by appropriate tuning the row of interstitial intruders and the lateral discontinuous 
boundaries (e.g., implementing LZT-type designs as discussed in Chapter 2). 
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CHAPTER 5 
CONCLUSIONS AND SUGGESTIONS FOR FURTHER WORK 
5.1. Conclusions 
In this dissertation, we aimed to study strongly nonlinear mechanisms for intense energy 
exchanges between weakly interacting uncompressed granular chains. Our theoretical approach 
was based on direct analysis of the discrete and non-smooth equations of motion (i.e., without 
resorting to continuum limit approximations), and our experimental studies recovered some of 
the theoretical findings. 
In the first part of the dissertation, we demonstrated that one of the possible mechanisms 
for passively controlling propagating pulses in the coupled ordered granular media is through the 
use of weak coupling. In our computational studies we demonstrated that propagating pulses 
initially localized to a granular chain with no on-site potential can be efficiently ‘spread’ and 
hence redistributed among other similar weakly coupled chains, in the form of Nesterenko 
solitary waves. Once energy redistribution and pulse equi-partition occurs among the coupled 
chains the amplitudes of the solitary waves are drastically reduced compared to the initial applied 
impulse. Moreover, the pulse redirection to the neighboring weakly coupled chains can be 
passively controlled by choosing appropriate parameters of the coupling, a feature that makes 
this type of granular networks highly adaptive and capable of controlling the power flow passing 
through them.  
In the next step we analyzed the dynamics of weakly coupled, strongly nonlinear granular 
chains mounted on linear elastic foundations (i.e., linear on-site potentials) and, identified three 
different mechanisms for complete and recurrent energy exchanges among the weakly coupled 
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chains. These mechanisms involved the excitation of strongly nonlinear beat phenomena under 
condition of 1:1 resonance. These nonlinear beats were realized through spatially periodic 
travelling waves, and standing or propagating breathers, i.e., propagating oscillatory 
wavepackets with spatially localized envelopes. In this work we provided an analytical technique 
based on slow-flow partition of the dynamics and averaging, which allowed us to perform 
analytical predictions of these strongly nonlinear responses. 
Next, to study nonlinear irreversible energy transfer and passive wave redirection in 
weakly coupled granular chains with linear on-site potentials, we focused on targeted energy 
transfer – TET, that is, one-way, irreversible energy transfer from an ‘excited’ to an ‘absorbing’ 
granular chain. We demonstrated that any particular amount of energy propagating as a discrete 
breather in one of the interacting granular chains can be almost completely and irreversibly 
transferred to another weakly coupled chain. We proposed two different mechanisms for 
realizing TET in this type of granular networks, namely, (i) through effective decoupling of 
granular chains at the appropriate phase of a developing nonlinear beat phenomenon involving 
propagating breathers; and (ii) through stratification of the supporting elastic foundations 
resulting in Landau-Zener tunneling (LZT) in space. This second mechanism is particularly 
interesting since it represents a macroscopic extension in the field of granular media of the well-
established Landau-Zener Tunneling (ZLT) effect studied in quantum mechanical systems. Each 
of the aforementioned TET mechanisms provided an efficient way for passive pulse redirection 
in the granular network.  
In the first approach, the chain was decoupled at a specific point in space using a priori 
knowledge about when energy would be transferred from one chain to the other.  We showed 
that efficient energy redistribution is possible by simply eliminating the coupling stiffness among 
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the two chains at the point of maximum energy exchange during a nonlinear beat. As a result 
energy is localized in the absorbing chain and propagates undisturbed in the absorbing chain 
only, leaving an insignificant energy in the excited chain. This method of targeted energy 
transfer demonstrates that even by such a trivial method of decoupling, passive, complete energy 
redirection is possible in weakly coupled granular chains. Based on the analytical predictions (of 
time of the complete energy exchanges as well as the speed of the propagating breather) one can 
realize a simple mechanism for complete wave redirection. However, this design wouldn't be 
possible without the gained theoretical knowledge of the response of the granular array. Thus, 
assembling the granular array with a coupling of arbitrary strength could also lead to the 
recurrent energy exchange or even localization of energy in the excited chain.  
In the second approach, the elastic foundation was graded to achieve the LZT effect, i.e., 
the capture and subsequent escape from 1:1 resonance. These resulting TET phenomena were 
analytically studied by reducing the dynamics to slow flows and using analytical techniques for 
studying the reduced slow flow dynamics. We employed a complexification – averaging 
methodology that produces a reduced set of slow modulation equations which are smooth and 
amenable to analytical treatment using techniques from the theory of dynamical systems. The 
derived slow-time dynamics capture the envelope of the responses of the chains during LZT. 
Then, the analytical predictions were verified by direct numerical simulations of the original 
governing equations of motion, which confirmed the irreversible transfer of energy from the 
excited to the absorbing chain. 
The second part of the dissertation dealt with the analysis of granular acoustic 
metamaterials. Here, we studied the nonlinear acoustics of highly discontinuous and adaptive 
metamaterials composed of weakly coupled granular arrays embedded in elastic or viscoelastic 
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matrices. Experimental energy exchange phenomena between coupled embedded granular chains 
were also presented. We considered rows of granular chains embedded in poly-di-methylsiloxane 
(PDMS), polyurethane, or geopolymer matrices with varying lateral gaps between them, and 
forced by impulsive excitation of one chain. The aim was to investigate the effect of the matrix 
on pulse propagation in these networks. We developed an experimental setup to study the 
dynamic response of practical metamaterials composed on single or coupled embedded granular 
chains of steel beads. First, we presented experimental results on pulse propagation in single and 
coupled granular chains embedded in PDMS elastic matrix, and observed the propagation of 
solitary-like pulses in these embedded chains. For coupled chains, energy exchanges between 
them occurred; in fact, we showed that the smaller the gap between chains was, the more intense 
energy exchange resulted. By performing an optimization study, we identified the system 
parameters of a theoretical granular model that could capture the energy changes measured in the 
experimental fixture. Since the identified parameters, e.g., the coupling stiffness between 
neighboring beads and the linear foundation, were small compared to the nonlinear coefficient of 
the Hertzian interaction between neighboring beads, we could claim that in the theoretical model 
the strongly nonlinear Hertzian interactions between beads dominated the dynamics, and, as a 
result, the effects of the elastic matrix acted as perturbations of pulse propagation in the 
corresponding ‘dry’ granular media, i.e., when no matrix exists. In both experimental and 
theoretical models the formation of solitary-like pulses propagating through the embedded 
granular chain was clearly observed. Moreover, it was confirmed that these propagating pulses 
were perturbations by the PDMS matrix of the well-known Nesterenko solitary waves in ‘dry’ 
homogeneous granular chains. In our work the proposed theoretical model was validated by the 
experimental results at various impulse intensities, and it was shown that it can reliably capture 
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primary pulse propagation in the embedded granular media.  Based on this model a predictive 
matrix design, that can achieve maximum energy transfer from the excited to the absorbing 
chain, was performed. 
In an additional study the formation, attenuation and localization of propagating pulses in 
a granular acoustic metamaterial driven at one of its end by harmonic excitation, was 
experimentally studied. In that series of tests, embedded granular chains in different types of 
elastic matrix, and with weak initial pre-compression by an external static force were considered. 
Both the amplitude and the frequency of the harmonic excitation were shown to influence the 
nonlinear pass and stop bands of the embedded granular chain. In pass bands, propagatory 
dynamics was realized and energy transmission to the far field was realized in the form of 
periodic pulses. In stop bands attenuation of dynamics was observed, and energy localization 
was realized in the form of near-field oscillatory waves. Moreover, propagating breathers were 
detected as well, in the form of oscillatory wave packets with localized envelopes, at 
intermediate frequency ranges between the pass and stop bands. These types of strongly 
nonlinear responses have significant practical importance as a mechanism to localize vibrational 
energy in frequency and space without the introduction of any structural disorder. These findings 
pave the way for practical implementations of passive pulse redirection in granular metamaterials 
through the implementation of the LZT effect. This is due to the fact that, as shown in this work, 
a prerequisite for the realization of the LZT effect in weakly coupled media is the existence of 
propagating breathers. Indeed, these breathers were robustly excited in the embedded granular 
metamaterials tested in this work, indicating the feasibility of implementing TET in these 
systems. 
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In the last part of the dissertation, we focused on a two-dimensional coupled granular 
network with nonlinear on-site potential arising due to discontinuous lateral boundary conditions, 
and coupling provided by an intermediate row of interstitial intruders. We studied two distinct 
dynamical regimes in this system, namely propagatory dynamics in a pass band and oscillatory 
dynamics in a stop band. We numerically studied interesting and complex nonlinear dynamical 
phenomena in this system, such as partial- or equi-partition of energy between the weakly 
coupled chains; propagating breathers leading to energy defocusing, i.e., uniform energy 
redistribution in both chains of the granular metamaterial; and energy localization of energy due 
to strong scattering of propagating pulses at the bead interfaces. In the last case, eventually the 
localized energy could ‘leak’ from the region of localization, but this occurred at a slow time 
scale, after considerable delay, and with pulses of significantly reduced amplitudes. 
The theoretical and experimental results reported in this work contribute in the 
development of a new class of practical, nonlinear acoustic metamaterials based on embedded 
granular media, with quite unique dynamical properties. Apart from results that are presented for 
the first time in the technical literature, the contributions of this Dissertation are in terms of 
concepts, methodologies and analysis that can be utilized for predictive design of this new and 
exciting class of acoustic metamaterials. 
5.2 Suggestions for further work 
The majority of works on ordered granular media consider impulsive excitation with or without 
initial preloading. From the physical point of view, however, it is important to study the wave 
dynamics of ordered granular media subjected to various types of external loading, e.g., repeated 
impulses, periodic forcing, periodic impulses, random excitations, etc. In this regard, one could 
extend the concept of targeted energy transfer (TET) discussed in Chapter 2 to account for this 
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broader class of broadband external excitations. In this work TET was studied for only impulsive 
excitations. It would be informative to know if multiple impulse loads, or even harmonic 
excitation, will also lead to targeted energy transfer in weakly coupled chains with or without on-
site potentials.  Such studies hold potential for practical applications of granular metamaterials in 
fields such as sound absorption, blast protection, energy isolation, etc.  
For practical implementation of the findings of this work, it is required to perform 
experimental validation of the theoretical models, thus building capacity for predictive design of 
granular acoustic metamaterials. One such example is to design a granular metamaterial with 
improved shock mitigation properties by utilizing the concept of targeted energy transfer, as 
discussed in Section 2.3. Hence, for future work, an experimental technique should be developed 
that would verify the Landau-Zener Tunneling (LZT) effect in coupled embedded granular 
chains. This will involve design, fabrication and testing of embedded granular chains with 
stratification of the matrix material between chains. 
Also, due to our limited knowledge of the various physical mechanisms affecting pulse 
propagation in ordered or disordered granular media, the majority of theoretical works in this 
area are limited to studying only primary pulse transmission. For the case of “dry” granular 
chains, friction contacts may exist due relative rotations of interacting beads during pulse 
propagation. However, for the case of granular chains embedded in elastic matrix (discussed in 
Chapter 3), we expect that such bead rotations will be restricted so that the effects of dry friction 
will be small and could be neglected. The effects of such factors are not significant in the regime 
of primary pulse propagation, in the sense that these terms do not appear to significantly change 
the dynamics during this high energy regime; however, it is expected that they can significantly 
affect the lower energy dynamics following the propagation of the primary pulse. Hence, it 
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would be informative to study the dynamics of pulse propagation in non-idealized granular 
models incorporating plasticity, friction, dissipation, rotation, interaction with supports, 
stochastic disorders etc. 
Moreover, for the case of weakly coupled granular chain discussed in Chapter 2, only 
local coupling between same-order beads in the chains was considered. Moreover, in Chapter 3, 
we assumed that each bead within a chain is coupled (and, hence, exchanges energy) with only 
three adjacent beads of the other chain. However, we know that solitary wave in a homogeneous 
granular chain extends (has compact support) over 5 beads [1,2]. As a result, at least in principle, 
one would conclude that a single bead within each of the coupled chains should be coupled with 
five beads of the other chain. As discussed in Chapter 3 the system parameters of the model (3.1) 
of the embedded granular chain system in the PDMS matrix were small compared to the 
Hertzian coefficients, so the solitary pulses that developed in the embedded system were 
considered as perturbations of the Nesterenko solitary wave, and the coupling effects are 
expected to decrease away from the main coupling of the ‘center beads’ (i.e., the beads where the 
solitary pulse is centered). Hence, we can reasonably adopt the coupling scheme utilized in 
model (3.1) of this Dissertation. However, if the coupling between chains increases, this 
assumption might not be valid, and it would require modifying the model (3.1). Hence, it would 
be informative to extend the coupling of each single bead of one chain with at least five beads of 
the other chain, in order to establish possible quantitative and/or qualitative changes in the 
dynamics of pulse propagation when such stronger coupling is considered.  
Extending the analysis of energy transfer between coupled granular chains discussed in 
Chapters 2 and 3, it would be of interest to study the effects of pre-compression of the granular 
chains on the energy transfer in these systems. Furthermore, one could extend the concept of 
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TET discussed in Chapter 2, Section 2.3, by replacing the absorbing homogeneous chain with the 
dimer (diatomic) chain with the mass ratio corresponding to resonance value [3–5]. By doing so, 
firstly one could redirect the incoming wave to the absorbing chain through stratification so that 
complete and irreversible energy transfer takes place from the excited chain to the absorbing one, 
and then dissipate it rapidly and effectively in the dimer absorbing chain. This is due to fact that 
as discussed in [3–5] dimer granular chains can be designed to be in 1:1 resonance and rapidly 
reduce the amplitudes of propagating pulses by scattering of the pulse energy to relatively high 
frequencies and energy radiation to the far field. These findings will open a new avenue for the 
theoretical and experimental research for optimal design of granular materials for the purposes of 
energy focusing and defocusing. 
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Appendix A 
In this appendix we develop the approximate expression of the slow-flow modulation equation 
shown in (2.9). First we rewrite equation (2.8) showing the slow/fast partition of the dynamics of 
this system: 
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Proceeding to the 3/ 2( )O  approximation, we derive the following system: 
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Introducing (A1) into (A2) yields: 
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Upon imposing solvability conditions in (A3), yields the following slow flow, i.e., the system of 
modulation equations in the slow time scale governing the (slow) evolutions of the complex 
envelopes in (A1): 
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 (A4) 
To evaluate the non-smooth terms in (A4) we introduce the Fourier expansions, 
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(A5) 
which when substituted into the non-smooth terms on the right-hand-sides of the slow flow (A4) 
leads to the following expressions, 
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(A6) 
where , ,
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
    x y x yk k . Substituting (A6) into (A4) and performing averaging with respect 
to the fast time scale 
0  yields the following averaged slow flow equations: 
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Using Fourier expansion, retaining only the leading order harmonics, and rearranging terms 
yields the following averaged slow flow system, 
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